UCB-PTH-02-61 
LBNL-51968 
hep-th/0212275 



Twisted Einstein Tensors and Orbifold Geometry 

o 
o 

(N 

> ■ J. deBoer la , M.B.Halpern 25 and C. Helfgott 2c 

O ' 

in 



(N 
(N 

(N 
O 



1 Institute for Theoretical Physics, University of Amsterdam, 
Valckenierstraat 65, 1018 XE Amsterdam, The Netherlands 



> 

t^. ' Department of Physics, University of California and 



Theoretical Physics Group, Lawrence Berkeley National Laboratory 
University of California, Berkeley, California 94720, USA 



Following recent advances in the local theory of current-algebraic orbifolds, we study various 
geometric properties of the general WZW orbifold, the general coset orbifold and a large 
class of (non-linear) sigma model orbifolds. Phase-space geometry is emphasized for the 
WZW orbifolds - while for the sigma model orbifolds we construct the corresponding sigma 
model orbifold action, which includes the previously-known general WZW orbifold action 
and general coset orbifold action as special cases. We focus throughout on the twisted 
Einstein tensors with diagonal monodromy, including the twisted Einstein metric, the 
twisted B field and the twisted torsion field of each orbifold sector. Finally, we present 
strong evidence for a conjectured set of twisted Einstein equations which should describe 
those sigma model orbifolds in this class which are also 1-loop conformal. 



a jdeboer@science .uva.nl 
b halpern@physics . berkeley . edu 
c helf gott@socrates . berkeley . edu 



Contents 



i l Introductio n 2 

. 2 Phaac - Spacc Geometry of the General WZW Qrbifold i 4 

■ 2.1 The Twiatcd Current Modco and the Twiotcd Affinc Primary Eiclda 5 

■ 2.2 The General Twiotcd Equal Time Operator Algobrai 8 

. 2.8 The Claooical Limit and Twiotcd Equal Time Braokota 10 

■ 2.4 Twiatcd Einotcin Coordinatca on the Croup Qrbifoldi 11 

. 2.5 Phaac Space Realization of the Twiatcd Currents 15 

■ 2.6 The Operator WZW Orbifold Ilamiltoniani 16 

■ 2.7 The Claoaical WZW Orbifold Ilamiltonian 20 

■ 2.8 The Canonical Orbifold Hamiltonian and the Twiotcd Einotcin Mctria 22 

■ 2.0 Phaac Space Derivation of the General WZW Orbifold Action. 24 

■ 3 Commcnto and Examplca 26 

1 .1.1 A Limitation on the Principle of Local Iaomorphiama 26 

1 .1.2 Example ! Einatein Geometry of the WZW Permutation Orbifolda 27 

■ 1..1 Subcxamplc ; The Permutation Orbifold A^.^n^.^nOi - A/Ii - n 31 

■ 4 Sigma - Modcl Orbifolda 33 

■ 4.1 Non Linear Sigma Modcla with a Linear Symmetry . 33 

■ 1.2 The Sigma Model Orbifold Actt ea 34 

■ 1.3 The Sigma Model Orbifold Into waj. 37 

1 1.1 Moment Expanoion of the Twiotcd Einotcin Tcnoora 39 

■ 4.5 Example ; More About WZW Orbifold Geometry . 41 

■ 4.6 Example ; The General Coact Orbifold . 47 

■ 1.7 The Twiotcd Einotcin Eouationa 49 

. A Resettled Group Orbifold Elements 53 

■ B Twiotcd Affinc Lie Groupa 54 

■ C The Commuting Diagramo of Orbifold Theory . 58 

■ D The WZW Orbifold Matrix Adioint Operation. 62 

■ E Orbifolda on Abclian a 63 

i Rcfercncca 66 



1 Introduction 

In the last few years there has been a quiet revolution in the local theory of current- algebraic 
orbifolds. Building on the discovery of orbifold affine algebras in the cyclic permutation 
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orbifolds, Refs. [3-5] gave the twisted currents and stress tensor in each twisted sector of 
any current-algebraic orbifold A(H)/H - where A(H) is any current-algebraic conformal 
field theory [6-10] with a discrete symmetry group H. The construction treats all current- 
algebraic orbifolds at the same time, using the method of eigenfields and the principle of 
local isomorphisms to map OPEs in the symmetric theory to OPEs in the orbifold. The 
orbifold results are expressed in terms of a set of twisted tensors or duality transformations, 
which are discrete Fourier transforms constructed from the eigendata of the H- eigenvalue 
problem. 

More recently, the special case of the WZW orbifolds 

HcAut(g) (1.1) 

was worked out in further detail [11-14], introducing the extended H-eigenvalue problem 
and the linkage relation to include the twisted affine primary fields, the twisted vertex 
operator equations and the twisted KZ equations of the WZW orbifolds. Ref. [Hj includes 
a review of the general left- and right-mover twisted KZ systems. For detailed information 
on particular classes of WZW orbifolds, we direct the reader to the following references: 

• the WZW permutation orbifolds [11-13] 

• the inner-automorphic WZW orbifolds fTJ EI] 

• the (outer-automorphic) charge conjugation orbifold on su(n > 3) [12] 

• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds 

onso(8) [Hj. 

Ref. ^2] also solved the twisted vertex operator equations and the twisted KZ systems 
in an abelian limit^" 1 to obtain the twisted vertex operators for each sector of a large class 
of orbifolds on abelian g. Moreover, Ref. |T3J found the general orbifold Virasoro algebra 
(twisted Virasoro operators [HUE]) of the WZW permutation orbifolds and used the general 
twisted KZ system to study reducibility of the general twisted affine primary field. Recent 
progress at the level of characters has been also reported in Refs. [T7 | IT] IT8 | IT9]. 

In addition to the operator formulation, Ref. ^1] also gave the general WZW orbifold 
action, special cases of which are further discussed in Refs. |12| . The general WZW 
orbifold action provides the classical description of each sector of every WZW orbifold 
A g (H)/H in terms of appropriate group orbifold elements with diagonal monodromy, which 
are the classical limit of the twisted affine primary fields. Moreover, Ref. [20] gauged the 
general WZW orbifold action by general twisted gauge groups to obtain the general coset 
orbifold action, which describes each sector of the general coset orbifold A g /h(H) / H . 
^An abelian twisted KZ equation for the inversion orbifold x — > —x was given earlier in Ref. |15| . 
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The present paper is primarily an extension of the 'action' series described in the pre- 
vious paragraph: Our thrust here is to go beyond the group orbifold elements of A g (H)/H 
and A g /h{H) / H to study the Einstein geometry and in particular the twisted Einstein ten- 
sors of these orbifolds - as well as their embedding in a much larger class of sigma model 
orbifolds A M (H) / H. 

In this development, we focus on the twisted Einstein tensors with diagonal monodromy 
on the cylinder (£,£), for example the twisted Einstein metric of sector a: 

2j[ . n(r)+ra(s) a 

Gn{r)n;n{s)v{Xa(£, + 2lT,t),a) = e p(<j) G n ( r ^. n ( s)v (x a (£, t), a) . (1.2) 

Here x a (£, t) are the twisted Einstein coordinates of sector o and the indices n(r), n(s), fi, v 
and p(cr) are easily computed for each orbifold. We are unaware of any prior study of 
twisted Einstein tensors in orbifold theory, although their existence in the twisted sectors 
of each orbifold follows from the same principles as the more-familiar twisted currents. 

For the WZW orbifolds A g (H) / H in particular we have chosen to approach the Einstein 
geometry via phase space dynamics, and, as a foundation for this discussion, we also provide 
the equal-time operator formulation of the general WZW orbifold. For the sigma model 
orbifolds A M (H)/H, our central result is the construction of the corresponding sigma model 
orbifold action - which includes as special cases the general WZW orbifold action and the 
general coset orbifold action, as well as the actions of a large number of other orbifolds 
such as orbifolds of the principal chiral models. 

Finally, we present strong evidence for a conjectured set of twisted Einstein equations 
which should describe those sigma model orbifolds in this class which are also 1-loop confor- 
mal. In analogy with the usual sigma-model Einstein equations [21-26], our twisted Einstein 
equations involve the twisted Ricci tensor, the twisted torsion field and the orbifold dilaton 
of sector a. 

A number of appendices are also included, and we mention in particular App. E - which 
notes in particular that the twisted Einstein metrics are constant for all orbifolds on abelian 
9- 

2 Phase-Space Geometry of the General WZW Orbifold 

In this section we consider the phase-space dynamics and in particular the classical phase- 
space geometry of the general WZW orbifold. The input here is the general left- and 
right-mover twisted current algebra and the corresponding left- and right-mover twisted 
affine-Sugawara constructions 0111] of these orbifolds, as well as the classical group orbifold 
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elements |TT] with diagonal monodromy. The twisted B fields (see Subsecs. 2.4, 2.5) of the 
general WZW orbifold are needed for the canonical realization of the twisted currents, while 
the twisted Einstein metrics (see Subsec. 2.8) are first encountered in the canonical form 
of the general WZW orbifold Hamiltonian. As a final check on the results of this section, 
Subsec. 2.9 contains an alternate, phase-space derivation of the original coordinate-space 
form of the general WZW orbifold action given in Ref . JT] . 

2.1 The Twisted Current Modes and the Twisted Affine Primary Fields 

We begin our discussion with the general twisted current algebra El IH| of the general 
WZW orbifold A g (H)/H 

[<Wm+?$), - Wn+$})] = i^»<r)«nM^ 

+ ( m + ) 6 m+n+ , Gn(r)^-n(r)u(cr) (2.1a) 

- ( m +|})l +n +°^f»,o^{^;-«(»(' T ) ( 2 - lb ) 
lU)M + ^)Jn(s)An + ^)]=0, a = 0,...,A c -l (2.1c) 

Mr)±*,)M + ^tr^) = U)M ± i + (2-id) 

Jn {r)±P (a)Am + = U)M ± 1 + (2.1e) 

where g is any semisimple Lie algebra and H C Aut(g) is any discrete symmetry group of 
g. In this result, p(o~) is the order of the element h a G H, N c is the number of conjugacy 
classes of H and n(r),n(s) and p, v are respectively the spectral indices and degeneracy 
labels of the H -eigenvalue problem jSlE] 

n(r) 

u(h a ) a b U\a) b n ^^U\a) a n ^E n(r) (a), E n{r) (a) = e~ 2 * l W) , a = 0, . . . , N c - 1 (2.2) 
where u(h a ) is the action J' = uj{h a )J of h a on the currents of untwisted affine g (23EB1 

ejeeoi. 

The twisted tensors T{p) and Q{p) in (|2.1|) are particular duality transformations |3] 
called the twisted structure constants and the twisted metric of sector a respectively. (This 
is the twisted tangent-space metric, as opposed to the twisted Einstein-space metric which 
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will be introduced later). The explicit forms of J- {a) and G(o~) were given in Refs. [HI 03 

Qn{r) K n{s>{ a ) = X^) n (r)^) n (s)u U (? )n{r)^U (a ) n ( yS )J 3 G ab (2.3a) 
Fn(r)ti;n(s> ( a ) = X( a )n(r)vX( a )n(s)vX{v)n(t)8 U ( )n(r) f , a U{<j) n{s)l/ b f ab C U^ {<j) c nit)S (2.3b) 

where f ab c are the structure constants of g, G ab = (Biking is the generalized metric of 
affine g, U^(o~) is the solution to the if-eigenvalue problem ()2.2|) and x(c) are normalization 
constants with x(0) = 1. In the untwisted sector cr = 0, one has u(ho) = W(0) = 1 and 
Eq. (|2.1j) reduces to the original untwisted affine Lie algebra [23 EHl El CHj of A g (H). 

As discussed in Ref . > the sign reversal of the central term in the twisted right-mover 
current algebra (j2.1b|) is quite correct, and is in agreement with earlier analysis at the level 
of orbifold characters [2H|. See Refs. [11-13] and in particular Ref. ^1] for recent discussion 
of the closely related issue of rectification of the twisted right-mover current algebra into a 
copy of the twisted left-mover current algebra. 

We will also need the commutators of the twisted current modes with the twisted affine 
primary fields g(T, £, t, a) of sector a on the cylinder (£, t), < £ < 2tt 

[Jn { r)M + T^)^9{r^^a)} = g(T,U,o-)T n{r) ^^ +t) (2.4a) 

[jn(r)M+^),9(T,Z,t,(T)} = -e l( "^y )( ^ ) T n(r) ^(T,e,t,a) (2.4b) 

where T n ^^ = 7^(, r ) M (T, a) is another set of duality transformations, called the twisted 
representation matrices of sector a 

T n{r)fl (T, a) = x (a) n{r)ti U{a) n(r)fl a U(T, a)T a U\T, a) . (2.5) 

Here U'(T, a) is the unitary eigenvector matrix of the extended H -eigenvalue problem [TI] 

W(h a ; T)U\T, a) = U\T, a)E(T, cr), a = 0, . . . , N c - 1 (2.6a) 

2 ■ N(r) 

E(T, a)N(r)iJ, N = £jV(r> e mR (^, Sn^)^^" EE 5 A1 I/ (5Ar( r .)_ A r( s ) i0 mod fl(o-) (2.6b) 

where W^/i^T) is the action of h a &H, HcAut(g) in matrix rep T of g and -R(cr) is 
the order of W(h a ;T). The if-eigenvalue problem ()2.2|) . which controls the form of the 
general twisted current algebra ()2.1|) . is the special case of (12. 6|) when T is the adjoint 
representation. 

The twisted affine primary fields g(T, a) and the twisted representation matrices T(T, a) 
have the same matrix indices 

g(T, e, t, a) ee {$(T, £, t, aW)/ ( ^}, T(T, a) ee {T(T, a) N{r) , N{s)u } (2.7) 
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where N(r), N(s) and /i, v are respectively the spectral indices and degeneracy labels of the 
extended if -eigenvalue problem. The commutators ()2.4|) are the analogues on the cylinder 
of previous results [TT] on the sphere, using the correspondence 

8{T,t,t,a) = {z V s^g(T,z,z,*)z V *^ (2.8) 

where Z>g( CT )(T) is called the twisted conformal weight matrix [TTJ[T3]. Reducibility of the 
twisted affine primary fields is discussed in Refs. [T2*| HHj. 

We mention here a number of properties of the duality transformations which are needed 
below, beginning with the selection rules: 

Gn(r)p;n{s)u{o~) = 0~n(r)+n(s)fi mod p{a)G n(r) n;-n(r) ,v (°~) (2.9a) 
Fn(r)p,n(s)u & {&) = ^(r)+n(s)-n(i),0 mod p((7)^i(r),i;n(s)/' r ' + "' S '' V ) (2.9b) 

n ■ n(r) 

E n{r) (a)*T n{r)fl (T, a) = e 2m ^T n(r)ll (T, a) = E(T, a)T n[r)lM (T, a)E(T, a)* . (2.9c) 

More generally, the selection rules of duality transformations follow [3J El Elj directly from 
the if-invariance of the corresponding untwisted quantities. The indices of G»{v) and F(o-) 
can be raised and lowered with G,(<j) and its inverse {?*(cx), and moreover, !F»(o~) with all 
indices down is totally antisymmetric. 

Other useful properties of the twisted representation matrices include jTT] 

[%i(r)ti{T,0-),T n ( s ) u (T,0-)} = iFni^/iMs)^^™^' 6 ( a )Tn(r)+n(s),s{T, (?) (2.10a) 

Tr(M(T, a)T n{r)ll (T, a)T n{s)l/ (T, a)) = ^„( r ) M , n ( s )„(o r ) (2.10b) 
fr(AB) = Mr), N{s)u BN(s), N{r)l1 (2.10c) 

[M(T,a),T n{r) „(T,a)] = [M(T,a),g(T,Z,t,a)\ = (2.10d) 
E(T,a)M(T(T,a),a)E(T,a)* = M(T(T,a),a), a = 0, . . . , N c - 1 (2.10e) 

where the twisted structure constants J r (<j) of the general orbifold Lie algebra g(a) in 
()2.10aj) are the same as those in the general twisted current algebra (|2.1j) . The quantity 
M(T,a) is another duality transformation called the twisted data matrix [TT | IT2* | l2T) | IT1] 
which stores the Dynkin indices of the untwisted representation matrices and the levels of 
the untwisted affine algebra. The twisted data matrix is proportional to 11 when g has the 
form g = (BiQ 1 , where q 1 with ki = k is isomorphic to simple q and T 1 ~ T . 
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2.2 The General Twisted Equal-Time Operator Algebra 



Our next task is to translate the mode algebra of the previous subsection into corresponding 
equal-time commutation relations on the cylinder (£, t). For this purpose we define the 
twisted local currents on the cylinder: 

n(r) . . 

J n(r)M (£,t) = + ^ ^ = jn { r)± p{ „)A^) (2-lla) 

J n(r) ^t) = £ ^(™+S)e~ i( ^ )( * _t) = J„(r)M^(e,*) (2-llb) 

m€Z 

Jn( r )^ + 2vr, a) = e~ * ^ J n (r)^, 0"), Jn(r)»(£, + 2vr, a) = e "^1 J n ( r )^, o) • (2.11c) 

Note that the twisted left- and right- mover local currents have the same monodromy ^T] 
upon circumnavigation of the cylinder. 

Then we may use the mode algebra ()2.1j) . (j2.4|) to compute the general twisted equal-time 
current algebra 

[Jn{r)n(€, J n (s)v{V, t,Cr)} = 27u(:F n ( r )^ ;n ( s ) i , n(r)+n(s) ' 5 (cx) J n (r)+n(s),s(V^ ° ) 

+ ^(r)+n(s),0mod p(a) Gn(r)fi;-n{r)is ^n(r) (£ _ ??) (2.12a) 

[■Zi(r)/x(£, O"), Jn(s)u{Vi °")] = 27u(jF n ( r ) M;n ( s ) i , n(r)+n(s) ' 5 (<7) J n (-r)+n(s),<5 (^, 0" ) 

— <5n(r)+n(s),0mod P (ff)5 n (r)(j;-n(r)i' ^(r) — ??) (2.12b) 

[■4(r) M (£>*> cr), Jn(s)u(v, t,cr)] = 0, cr = 0, . . . , iV c - 1 (2.12c) 

and the equal-time algebra of the twisted cylinder currents with the twisted affine primary 
fields g: 

[Jn<r)n(t, t, <r),g(T, r), t, cr)] = 2ng(T, rj, t, o-)T n(r)fl 5 n{r) (£ - rj) (2.13a) 
[Jn{r)i*(t, t, <r),g(T, 77, t, a)] = -2TTT n(r)fl g(T, rj, t, a)5 n[r) (^ - 77) . (2.13b) 

A central feature of the general twisted equal-time operator algebra (|2.12|) . ()2.13|) is the 
appearance of the monodromy factor d> n ( r )(£ — 77), which is a modified Dirac delta function 
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with monodromy: 

- V) = Y £ e" t( ^ )(? - r ' ) = e-^tt-^tf - 77) = 5_„( r ) (rj - (2.14a) 

n(r) 

<f n(r) (£ - 77 ± 2tt) = e T m ^)5 n(r) (e - v) (2.14b) 

tfn(r)±p(ff)(f-»7) =*n(r)(£-»7), <Wod p(«r) (6 ~ ^) = ~ V) (2.14c) 

^"^^^E 6 "" 1 ^' ^-^±2tt) = ^-^). (2.14d) 

Here the ordinary 27r-periodic Dirac delta function is denoted by 5(£ — 77), and we note 
that the phase of the monodromy factor is non-trivial when £ — 77 = ±27r. Our notation 
^n(r)(£ — 77) is a shorthand for the more accurate form <5 n (r)/p(o-)(£ — 77). 

In the computations above (and others to follow) we found it helpful to use identities 
of the following type 

for any A s.t. A n{r)fl (£ + 2vr, t) = e A n(rV (£, t) (2.15a) 

i n(r)M (e,t)5n(,)(e-^)=i n(r)/1 (^,t)^( S )-n W (e-^) 

n(r) 

for any i s.t. >( r >(£ + 2tt, t) = e n ^A n ^^, t) (2.15b) 
in(,)/ (s)l/ (e^)5n W (^ - V) = A n(r) ^ s >(r],t)S nir y n{s)+n{t) {C - V) 

/ s o -n(r) — n(s) ^ , >. 

for any A s.t. A„ (r) /( s >(£ + 2tt, t) = e~ 2m ^^ A n{r) ^ s >(£, t) (2.15c) 

which follow directly from the properties of the monodromy factor in (|2.14|) . Note that (by 
setting n{r) or n(s) to zero) the identities in (2.15a,b) are special cases of the identity in 
(2.15c). Moreover, Eq. (|2.15|) gives us integral identities such as 

4(r)/ (s)l/ (^, t)5 n{s) _ n(r) {r, - = A n(r) < s >(i, t)5( V - (2.16a) 

[\A nir)fl n ^( v ,t)5 nis y nir) ( V - = An W / (s)l/ (£,i) (2.16b) 
Jo 

[ rf7 / i n(r) /W 1 '(77,t)^ ( 5 n(s) _ n(r) (77 - = -<9 5 A n(r) /M<Ut) (2.16c) 

which are useful in evaluating commutators or brackets of integrated quantities with local 
fields. Generalizations of these identities to objects with any number of indices are easily 
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derived. For example, all these identities hold for operators of the form A n ( r ) W n(»i' by 
replacing n(s) — > —n(s) in the monodromy and the monodromy factors of (j2.15c|) and 

(JHEJ). 

Although the identities (j2.15j) can be used to write the twisted equal-time algebra (|2.12j) , 
(|2.1Hj) in alternate forms, e.g. 

[•4(r>(£> t, Or), J n ( s ) u (rj, t,d)] = 2m ( J r n(r .) Al;rl ( s ) ! , n(r)+n( ' s) ' <5 (a) J n (r)+n{s),s(£, t,a) 

it is not possible to eliminate the phases of the monodromy factors <W r )(£ — rj) entirely. 
Moreover, it is not difficult to check a posteriori that the phases of the monodromy factors 
are necessary and sufficient to guarantee the consistency of the general twisted equal-time 
operator algebra with the monodromy (|2.11cjl of the twisted currents. For example, note 
that 

2 - n ( s ) 

J n (r)+n(s),s(V + 2ll, t, er)5 n ( r )(£ - Tj - 2n) = e "Jw J n (r)+n(s) ,S (V, *> 0")<W)(£ ~ V) ( 2 -18) 

which matches the rj monodromy of the left side of (J2.12a|) . We also remark that the 
n(r) — > n(r)±p(o~) periodicity of the monodromy factor in (|2.14cjl is consistent with the 
corresponding periodicity (2.11a,b) of the twisted currents. 

2.3 The Classical Limit and Twisted Equal-Time Brackets 

To describe the classical limit of WZW orbifold theory, we first replace each commutator 
[ , ] in Eqs. (|2.12|) . (|2.13|) by the rescaled Poisson bracket [,]—>{,} to obtain the general 
twisted equal-time brackets: 

{ Jn(r)p (€,t,<j), Jn{s)v(Vi t,Cr)} = 2lli (^„( r ) At; „(, s )i, ri(r)+?l(s) '' 5 (°" ) Jn(r)+n(s),S * , o) 

+ 5n(r)+n(s),0mod p(<T)£n(r)/x;-n(r>(°0^) ( W)(£ — T]) (2.19a) 

{ Jn(r)p (€,t,a), j n (s)v(Vi t,Cr)} = 2ni (^„( r ) At; n( S ) i / ri(r)+?l(S) '' 5 (O" ) J n {r)+n(s),S (v, t > °") 

— ^n(r)+n(s),0mod p(a)Sn(r)n;-n(r)u{o')d^) 6 n ( r ) (£ ~ I]) (2.19b) 

{Jn(r) fJ ,(£,,t,cr) 1 J n ^ u (ri,t,cr)} = 0, a = 0, . . . , N c - 1 (2.19c) 
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{Jn(r)n(£, t, <r),g(T, ij, t,<r)} = 2ng(T, 77, t, a)T n{r) ^5 n{r) (£ - rj) (2.20a) 

{Jn(r)^,t,a),g(T,ri,t,(j)} = -2nT n(r)fl g(T, 77, t, a)5 n{r) (£ - 77) . (2.20b) 

Here {g(T, £, t, a)} are the group orbifold elements [TTJ [12112011121 HI]- which are the classical 
(high-level) limit of the twisted affine primary fields of sector a. 

The group orbifold elements are unitary matrices gg^ = 1 which are locally group 
elements but which exhibit the (two-sided) diagonal monodromy 

g(T(T, a), £ + 2vr, t, a) = E(T, a)g(T, £, t, a)E(T, a)* (2.21a) 

g(T(T, <,),£ + 2vr, t, a) N(r)fl N ^ = e^^^^T, £, t, a) N(r) ^ s > (2.21b) 

on circumnavigation of the cylinder. The eigenvalue matrices E(T, a) are defined by the 
extended if -eigenvalue problem in Eq. ()2.6j) . We have checked that, thanks to the mon- 
odromy factors 5 n ( r )(£ — v), the monodromies (|2.11c|) and (J2.21j) are consistent with the 
general twisted brackets ()2.19j) and ()2.20|) . In particular, the selection rule ()2.9c|) of the 
twisted representation matrices T is necessary to check this consistency for the results in 
Eq. (|2.20|) . The group orbifold elements also inherit the vanishing commutator with the 
twisted data matrix 

[M(T,<r),g(T,t,t,<T)]=0 (2.22) 
from the same property (J2.10dj) of the twisted affine primary fields. 

2.4 Twisted Einstein Coordinates on the Group Orbifold 

Using the group orbifold elements, we turn now to the definition and properties of various 
twisted geometric objects in sector a of the general WZW orbifold A g (H)/H. 

To begin, we remind ^1] the reader that the group orbifold elements can be expressed 
in terms of the twisted tangent-space coordinates (3 of sector a 

n(r) 

g(T(T, a),C, t, a) =e ^ n(r H^)T n(r) ,(T,a) ? ^(r)^ + 27T; ^ a) =^(r)^ t , a)e 2m ^ (2.23) 

whose diagonal monodromy is equivalent (by the selection rule (|2.9cjl ) to the monodromy 
()2.21|) of the group orbifold element. In what follows we often suppress the time label t. 

Our next task is to choose twisted Einstein coordinates = £ CT (0 with diagonal 
monodromy, a property which can hold only in a preferred class of coordinate systems. 
For simplicity, we choose the coordinate system x(£) = /?(£) in which the twisted Einstein 
coordinates are equal to the twisted tangent-space coordinates 

s? (r) "(0 = /3" (s)i U a)r l (0, a) n[s)v n ^ = a) (2.24a) 
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e(0, <j)n(r)v'' / = ^n(r)/i" = ^^ti(r)-n(s),Omod p{a) (2.24b) 

g(T(T, a),£, a) = e""'' 1 "©^),^^, x" (r)At (£ + 2vr) = ^"(f Je 2 ™^ (2.24c) 

where e(0, a) = 1 is the twisted left-invariant vielbein (see below) evaluated at x = in 
sector cr of the group orbifold. 

In analogy with the standard construction on group manifolds, we may now use the 
group orbifold elements to define a twisted left-invariant vielbein e(x) and its inverse e~ l {x) 

.-. a ^ 2 n ( r ) a 

d n (r)niO = 9& n(r) H0 , d n(r) ^ + 2tt) = e~ m f&d n (r)p{0 (2.25a) 
e n(r .)^(T,x(0) = -ig' 1 (T, £, a )d n ( r ) fl g(T, £, a ) = ^(OW)/ (s) "T n(s) ,(T, a) (2.25b) 

e(x(0)n(r)/ (s)l/ = fr(M(T, a)e n{r)fl (T, x{£))T{T, <7) n(t) , (2.25c) 
e n(r)M (T, f (£)) = e n(r)/1 (T, cr), e(x(0)„(,)/ (s)v = e(^(0, cr)„ w / (s)l/ (2.25d) 

r^l^/^e^)^^ 18 ^^); 1 ^, e- 1 (a;)„ (r) /W 1 'e(r,x) n(s)i , = r n(r)/ ,(T,a) (2.25e) 

for each twisted sector a of the group orbifold. The relation (J2.25c)) for the twisted com- 
ponent vielbeins follows from (j2.10b|) and (|2.25b[) . Similarly, for each sector a we have the 
twisted right-invariant vielbein e(x) and its inverse e (x): 

t(r )M (T,x(0) = -ig{r,^a)d nir ^r l {r,^a) = %x{§) n{r) ^ s >T n{s)v {T,a) (2.26a) 
\mUr), n[s)u = f;(^(r,a)^ (r)M (T,a;(0)T(T, ( T) nW5 )^W 5 ^(cr) (2.26b) 

tn {r) ,(T, X(0) = Ur^T, UO, O), KmUr)^ = <?) n(r) ^ (2.26c) 

r 1 ^)^)^) 5 ^)^^^^^^)/^^, r'^^W^r.^^^Tn^CT.a). (2.26d) 

The twisted vielbeins e(x), "e(x) are called left- and right-invariant because they are invariant 
respectively under left and right translations g — > gog and g — > ggo by constant group 
orbifold elements go in each sector a of the group orbifold. 

The monodromies (j2.21|) . ()2.25a|) and the selection rule ()2.9c|) then imply the diagonal 
monodromies of the twisted vielbeins 

n(r) 

e n{ r),(r, x(£ + 2tt)) = e E(T, <r)e n(r> (T, x^))E(T, a)* (2.27a) 

e(x(£ + 27r)) n{r) ^ s > = e~ 2mni ^e(mUr), n{s)u (2.27b) 
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e n{r)fl (T,x^ + 2ir)) = e E(T, a) e^(T, £(x))E(T, a)* (2.27c) 

( \ n ■ n(r)—n(s) . , 

e{*(£ + 2Tt)) n{r) < s > = e - 2m ^T- l(m)n(r); i(s)u (2.27d) 

and the inverse twisted vielbeins have the same monodromies as the twisted vielbeins. 
We also define the twisted adjoint action Q(x) = £l(x a , a) of sector a 

g(J \^a)T n{r) ^T,a)g- 1 ( / I \M = (l{x a ,a) n{r) < s >T n{s> {T,a) (2.28a) 

Cl(x(Z + 2-n)) n{r) < s > = e- 2 ^ iJ± ^(l{mUr), n{s)v (2.28b) 

&{x) n (r) l / l ^ S &(x)n(s)v n ^ t Gn(t)8Mv-)e(°') = Gn(r)n;n{s)v(o') (2.28c) 

Cl(x) n{r) ^Cl(x) n{s) ^ (2.28d) 

%x) n{r) < s ^ = - e^n^W'n^^/W" (2.28e) 

r^x)^,.)/^^-^-^^)^^^^-^^)^*)^^^ (2.28f) 

which relates the twisted vielbeins e, e of sector a. Other useful identities include 

e-\x) n(r) ;^ s d n(t)S h{^ (2.29a) 

r 1 (x) n(j .)/W <5 4( t )^(^)n( S ), nWe = fi(x) n ( s ), n{t)5 ^(^;n (i )«5 n{M)e (^) (2.29b) 



and the twisted Cartan-Maurer and inverse twisted Cartan-Maurer relations of sector a 
d n{r) A^Us)u n{t)S -d n{s)v e{^ (2.30a) 

= ^w^w^'Wr 1 ^),,^^ (2.30b) 

which also have the same form for e — > e. 

We turn next to our first twisted Einstein tensors in sector a of the group orbifold. In 
particular, the twisted B field B and the twisted torsion field H of sector a are defined as 
follows: 

H n {r)n;n{s)v;n{t)s{.x) =d n {r),j,B n ( 3 ) v . n ( t ) S {x) +<9 n ( s )^-B n ( t ) < 5 ;n ( r ) M (£) +<9 n ( t )5-B n ( r ) At;n ( s ) 1 ,(£) (2.31a) 

= -iTr (M(T,a)e n(r) ^(T,x)[e n{s)u (T,x),e n{t)s (T,x)}) (2.31b) 
= e(x) n ( r ^ n(rV e(x) n ( 8)l ,^^ (2.31c) 
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fin(r)Ai^Wi^n(t)«(^(^ + 27 0) = e ~ " ^ #»(r) W n(jOi/;»(t)*(£(0) (2.32a) 

— 27T2 n ( r ) + n ( s ) ~ A 

^(rj/iiufs)^^ + 27r)) = e -B n (r)At;n(s)^(a;(0)5 ^n(r)/j;n(s)i/ = — -Bn(sy;n(r> (2.32b) 

H(x)=H(x a (0, a), B(x) = B(x a (0, a). (2.32c) 

The diagonal monodromies here follow from the diagonal monodromy ()2.27|) of the twisted 
vielbein. We also note with Ref. |Sj that the twisted structure constants in (j2.31cj) and 
hence the twisted torsion field 

Fn(r)^n{s)v;n{t)&{(?) = ^n^r) tM;n(s)v ( cr )^n(«)e;n(t)5 (c) = ~ •7 r ri(r) / u;7i(t)<5;7i(s> (c) (2.33a) 

(£(0) (2.33b) 

are totally antisymmetric. 

Finally, we use the exponential form (|2.24cjl of the group orbifold elements to obtain 
these twisted geometric objects in closed form, beginning with the explicit form of the 
twisted adjoint action 

h(x ) = (l(x a , a) = e~^\ Y(x(0) = Y(U0, <t) = x n /^(0T n{r)lM (T a <* , a) (2.34a) 

^(rj/i^*, ) n ( s ),/ n(t)5 = -i^ i (r) Wll ( S )i/ n(<) V ) = x(ff) n ( s ) I/ X^)^)^n(r) tl (7 1< " ij , ffj^s)/''^ (2.34b) 

[f n{r) ,(T ad \ a), f n{s)u (T ad \ a)} = ^ nWM; „( s) / (r)+n(s) ' 5 (a)7; (r)+n(s)i5 (r^, a) (2.34c) 

n(r)—n(s) 

Y(x{ti + ^))n { r), n(s)u = e 2m ~^)Y{x(C)Ur^ n(s> ( 2 -34d) 

which follows from its definition in (|2.28a|) . Here T adj is the adjoint representation of 
untwisted Lie g, and the objects {7^( s )y(T adj , a)} are examples of so-called rescaled twisted 
representation matrices (see App. A). Using (|2.25b|) . we may also compute the twisted 
vielbein in closed form: 

e(i)«(.)/ (sV = (^|r)n W / (s) ^ g (°)»w/ (sV = <W)/ (S> • ( 2 - 35 ) 

Similarly (up to a twisted gauge transformation AB = dA) the following closed form of 
the twisted B field 

^(r) M ;n(s)z/(£) = ( ^"^ 

= ( g ^^ )n(^- n(s) -^-n (s) , M ,),(a) (2.36) 

is obtained from ()2.31|) . To see the antisymmetry of B in ()2.36|) . we have used Eq. (|2.28cj) 
in the form 
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f{fl)n(r) f i n ^ S Qn(t)S;n(s>( (X ) = /(^ 1 )n(s)i/ n ^£/n(t)<5;n.(r)/i( Cr ) (2.37) 

which holds for any power series / of Q. The monodromy (|2.34d|) of Y is consistent with 
the monodromy (|2.32bJ) of B because the twisted tangent-space metric G»(o~) satisfies the 
selection rule (|2.9ajl . 

The twisted Einstein metrics of the general WZW orbifold are discussed in Subsec. 2.8. 
2.5 Phase-Space Realization of the Twisted Currents 

We will also need to define twisted Einstein momenta p° '(£) = p a {^,t), which are 'canoni- 
cally' conjugate to the twisted Einstein coordinates: 

{Pk)vfot),&' )u M} = -iW {s)v 5 n{r) {i-ri) (2.38a) 

{Pn(r)»(U),p a n(s)»(V,t)} = {^(£, *), K^iV, 0} = (2.38b) 
n(r) n(r) 

jfatf + 2n,t) = e- 2m ^F n{r)fl (U), a? r)l *(£ + 2n,t) = x n a ^(Z, t)e 2m ^ . (2.38c) 

It is not difficult to check that, thanks to its monodromy factor 5 n ( r )(£ — rj), the twisted 
equal-time bracket ()2.38aj) is consistent with the monodromies in (|2.38c|) . 

Using the twisted vielbein and twisted B field of the previous subsection, we can now 
state the canonical bracket realization of the general twisted equal-time current algebra 
(EH 

Mr)^, a) = 27re- 1 (x) n{r)fl n ^ s p n{t)5 (B) + -d^xf )5 e(x) n(t ) 5 n(s) ^(s),;n W >) (2.39a) 

Jn(r)^, <T) = 2rcr\x) n{r)fl n ^ 5 p n{t)5 (B) - )S mn(t)S nis)U Gn(s)vMr)»(°) (2-39b) 

Pn(r)„(B) = p a n[r)fl + ^B n(r)Kn(s)u (x)d^ s > ; a = 0,...,N c -l (2.39c) 

in sector a of any current-algebraic orbifold. With the canonical brackets 1)2.38)1 . the iden- 
tities (j2.15j) and the relations (|2.25jl - (|2.33jl . we have checked at length that the realization 
f!2.39|) satisfies all the twisted equal-time brackets in (j2.19|) and (|2.20j) . Two independent 
derivations of this result are discussed in Subsec. 4.5 and App. B. 

As in the untwisted case j3U] , the classical realization ()2.39|) can in fact be promoted to 
an operator realization 

\p a n ir ),(0,K {S)V (v)} = -iSn(r )t r {s)V S n (r)(C ~ V) (2.40a) 
\p a n(r),(0,Pn { s)M} = [^(0 , ^(v)) = (2.40b) 
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using the same forms ([2.35)1 . ()2.36|) of e(x) and B(x) and keeping the operator ordering 
precisely as shown in (|2.39|) . This derivation is outlined in App. B using the method of 
twisted affine Lie groups, which generalizes the method of affine Lie groups jHHEOj- 

The brackets of the twisted currents with the twisted Einstein coordinates can also be 
computed 

{in(r)„(£, t, <t),x?'>(ti, t,<r)} = -2me-\x($) n(r) « a)v 6 n{a) (£ - v) 

= -2m5 n(r) (£ - nY^imUr)^ (2.41a) 

{4(r>(£, t, <r)X l ' )v (.V, *,*)}= -^ir\m) n{r) < s >5 n{s) {i - r,) 

= -2Tti8 n{r) {£ - r ] )r\x{r,)) n{r) < s > (2.41b) 

where Eq. (|2.15cj) is used to show the equivalence of the two forms on the right side of each 
result. 

2.6 The Operator WZW Orbifold Hamiltonian 

Our task in this and the following subsection is to obtain the classical Hamiltonian of sector 
a of the general WZW orbifold A g (H)/H. As a foundation for this development, we begin 
again at the quantum level. 

From the results of Refs. [3J [TT], we know that the operator stress tensors of the 
general WZW orbifold on the cylinder are the twisted afhne-Sugawara constructions: 

f„{t, t) = L C ^-< r >{a) : J n(r) ^, t)J. n{r) ^, t) :, t(£ + 2vr, t) = T CT (£, t) (2.42a) 
t(U) = ^<;J W ~" (r) '>) :Jn { r)^t)L n{r) ^t):, t(£ + 2n,t) = t(Z,t) (2.42b) 

r n(r)/i;n(s)v , \ . .-1 , ._1 rrf/ \ n(r)u T Af\ nis)u T ab 

— fln(r)+n(s),Omod p(cr)^g( CT ) ) ■ (2A2c) 

Here the twisted inverse inertia tensor L~^{a) is another duality transformation, whose 
explicit form in ()2.42c|) will be needed below. The x' s i n this expression are the same 
normalization constants which appeared in Eqs. (|2.3|) and ()2.5|) . and W (a) is the eigenvector 
matrix of the if-eigenvalue problem (|2.2|) . We emphasize that Cg^ a )(a) is the orbifold dual 
of the inverse inertia tensor L a g h of the afhne-Sugawara construction [6,7,32-34] on g 

T(f , t) = ±-Lf : J a (£, t)J 6 (£, t) : (2.43a) 
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Lfw(h„) c 'w(K) d b = Lf, Vh,GHc Aut(g) (2.43c) 

which describes the original if-symmetric theory A g (H). 

The ordering : • : in Eqs. (12.42)1 and ()2.43j) corresponds to operator product normal 
ordering El El UJ] on the sphere. For the twisted left-mover current modes, the explicit 
form of operator product normal ordering is [3] 

: Jn{r)^m + ^)J n{s)u {n+^) : = : J n[r) ^m + ^)J n[s)u (n+^) : M 

_ n(r)_ n(r)+n(s),S( \ f ( , , n(r)+n(s) N 

p(gX '"'(r)fj,;n(s)u \ u ) u n(r)+n(s),S HT J 

n(r) n(r) 



+ 



2p( 



<t) ^ ~ ppr) ^ n ^ 11 " (r i(t" (s) ,o gn WMi-n(r), y (g) (2.44a) 



:4(r-) M (m+^)J n ( s ) i ,(n+^): JV f=e(m+^ > 0) J„ (s)l ,(n + ^) J n(r)M (m + ^g) 

+ #(m+^ < 0) J„( P) ^(m + ^) J„ W „(n + $}) (2.44b) 

and similarly for the twisted right-mover modes [TT]. The quantities n(r) are the pullbacks 
of n(r) to the fundamental range n(r) G {0, . . . , p(a) — 1}. 

The mode expansions of the orbifold stress tensors ()2.42j) are 

t )=^~y2 L » e_Bn(c+i) ( 2 - 45a ) 

m 

Ace, *) = ^ E ^H e+,m(H ( 2 - 45b ) 

m 

where L a (m), L a (m) satisfy Vir © Vir with central charge c = c = c g . Ordering identities 
such as ()2.44j) give mode-ordered forms of the Virasoro generators, which lead directly to 
the conformal weight Ao(cx) of the scalar twist field [3-5,11-14]: 

(L a (m > 0) - 5 mi0 A (a))\0) a = (L a (m > 0) - 5 mj0 A (a))\0) a = (2.46a) 
A o(-) = £ ^r n{r) ' V ^)^ 1 ~ ^)0»M«^>) • ( 2 - 46b ) 
We note in passing the simple forms of the twisted inverse inertia tensor C^ a ) (a) and these 
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conformal weights 

qWn*» {a) = J^L gn^ A s> {al Xs= 2 * ~ K= Q± (247a) 

Xg + fig iPg Ipg 

A (a) = -^t rfsO- - ^4) dim[n(r)] (2.47b) 

^9 + ^9 r 2p ( a ) P ^> 

which hold in the special case when q 1 in (j2.43b|) is isomorphic to simple q and kj = k for 
all I. These results apply to all WZW permutation orbifolds, even when the permutations 
are composed with inner or outer automorphisms of g, and further evaluation of these forms 
are given for specific cases in Refs. [11-14]. 

Then we may use Eqs. ()2.42|) and ()2.45|) to obtain the equal-time operator algebra of 
the orbifold stress tensors 

[f a (t,t),t(v,t)} =i ((f a (Z,t)+T a ( v ,t)) - ^(<9f + 1)) dz6{Z-ri) (2.48a) 
[f a (U),T a (v,t)} =-i ((&(£, f)+TUi7,f)) - g^(3f + 1)) - rj) (2.48b) 



[T a (£, t), Jn{r)n{V: t, Cr)] =iJn{r)n{£, t, Cr)<%5 n ( r )(77 -£) = -id v \^Jn(r)^(r], a )$(£-V)j (2.48c) 

[f a (£, t), Jn(r)ii(v, °")] = -*4(r) M (£, t, cr)<9 c 5 n(r) (r/ -£) = (Jn(r)^(v, t, o-)S(C-r])) (2.48d) 

[f a (Z,t),t(v,t)] = [f a {i,t),J n{r)lx {ri,t,a)\ = [t(^t),J n(r) ^r ] ,t,a)]=0 (2.48e) 

as the Minkowski-space versions of known results ^T] on the sphere. The monodromy 
(12.11c)) of the twisted currents is consistent with all these commutators. 

Similarly, Eq. (|2.8|) and the results of Ref. jTTj can be used to obtain the equal-time 
commutators of the stress tensors with the twisted affine primary fields on the cylinder 

[Ta(€, t),g(T, r), t, cr)] ={2C n ^ ~ n(r),u (a) : J n(r ) M (^, t, ar)g(T, rj, t, a)T_ n(r)iI/ (T, a) : 

+ ig(T, n, t, a)V m (T)d^ - 77) (2.49a) 
[T*(£, t),g(T, rj, t, cr)] = - {2C n ^~ n{r),v (a) : J n ( r )^(rj, t, a)T_ n(r)yl/ (T, a)g(T, rj, t, o) : 

+ W m (T)g(T, rj, t, a)c} ? )5(e - rj) (2.49b) 

where T> g r a ^ (T) is the twisted conformal weight matrix of Refs. fTJ • The ordering : • : 
in Eq. ()2.49|) is again equivalent to operator product normal ordering on the sphere, and 
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takes the following form on the cylinder 

: J n (r)n(£, t, a )g(T, £,t,a):=: J n (r)n(£, t, a )g(T, £,t,a) : M 



-^(T,e,t,a)T n(r)At (T,a) (2.50a) 



■ Jn^niZ, t, cr )g{T, £, t, a) := : J n (r) M (£, t, a )g{T, £, t, a) 



+ =S^ T n(r),(T, a)g(T, £, t, a) (2.50b) 



where — n(r) is the pullback of —n(r) and these M and M normal orderings are defined in 
Ref. HH- 

For each sector a, the operator WZW orbifold Hamiltonian H a and the operator WZW 
orbifold momentum P a are then defined as follows: 



1 

d ^ ^{J{^ n{r),W i a ) ■Jn(r)^,t)J- n (r)A^ t ) + Jn(r)^,t)J-n(r)A^ t ) : (2.51a) 



Pa = Pla = J k (t(0 - t(0) =LM - L a (0) 

= ^ [^ C £r n{r),V ^ : 4(rV(^*)i-r l (r),,(e,*)-4(rv(e,*)^n Wl ,(e,t): • (2.51b) 

Both operators are well-defined because the stress tensors have trivial monodromy, and the 
twisted operator equations of motion are then obtained as usual: 

d m A(Z,t)=i[P TruT ,A(Z,t)], C=(U), <9 m = (<%,<%) (2.52a) 
d-J n ( r )^, t, a) = d + J n ( r ) M (C, *, o") = 0, <9± = <9 t ± <9 5 (2.52b) 
£LT CT (£,i) = d + T^t) = 0. (2.52c) 

Moreover, the conservation laws (|2.52c|) tell us that the orbifold momentum operator P a is 
conserved. 

This concludes our discussion of the equal-time operator formulation of WZW orbifolds. 
We remind the reader however, that Refs. [11-14] give twisted KZ equations for correlators 
of the twisted affine primary fields in each sector a of all WZW orbifolds on the sphere. The 
equal-time results above (or Eq. ()2.8|) ) can similarly be used to obtain the corresponding 
twisted KZ equations of the WZW orbifolds on the cylinder. 
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2.7 The Classical WZW Orbifold Hamiltonian 



From the operator formulation above, we know that the classical orbifold stress tensors of 
sector a are given by 

T«{£) = ^Q n{r) ^- n{r) ^Wn { r)^ *)J-n(r)AZi + 2vr) = f.® (2.53a) 

t(0 = ^G n{r) "- n{r) ' u (<T)Jn(r)^, v)3- n{r) , v {^ a), t(£ + 2n) = f a (0 (2.53b) 

gn(r),Ms)u {a) = xt^-J^^-^Vl/W^V)^ 8 ^" 6 , G ab = (2.53c) 

where G ab is the inverse generalized metric of affine g, U'(a) is the eigenvector matrix of 
the if-eigenvalue problem (|2.2jl and G'(<j) is the inverse twisted metric of sector a. To 
obtain these forms, we have followed the standard prescription: Drop the normal ordering 
in (|2.42j) . and take the high-level (classical) limit of the inverse inertia tensor L ab in (J2.430 

kj - oo : Lf jOC = l -G ab (2.54a) 

C r^Ms)v {a) = x ( CT )- ( ^ x(ff )-^ f/ t( CT ) a «MM f/ t ((T)6 nW^^ oo = l _gn(r) , M s> (2 . 5 4b) 

which gives the high-level limit of the twisted inverse inertia tensor shown in (j2.54b|) . 
Using (J2.530 and the twisted brackets ([2.190 . ([2.200 . one finds that all the commutators 



of Subsec. 2.6 are replaced by the rescaled brackets: 

{t{$,t(v)} = * + t{r))) - rj) (2.55a) 

{f a {C),T a {v)} = ~i (t(0 + t(v)) d&t - v) (2.55b) 

{f a (Z),t(v)} = (2.55c) 

{T ff (0, Jn(r)n(V,°)} = (03e<W)(»7 ~ £) = -idJj^^^S^ ~ T))) (2.55d) 

{T a (£),J n{r)lx (r),a)} = -iJ n (r)^(0 9 ^n(r)(r] - = id r] (j n ( r ^(r),(r)d(£ - rjU (2.55e) 

{T CT (0, Jn(r)Mi °)) = A(0, Jn(r)„(V, *)} = (2.55f) 

{t(£),g{T, r),*)} = g{T, 77, a) J{T, rj, a)5(£ - rj) (2.55g) 

{T a (£),g(T, V ,a)} = -J(T, v , a)g{T, v , 0)6 (£ - rj) (2.55h) 
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where J(T), J(T) are the twisted matrix currents: 

J(T, £, t, a) = J n(r) „(£, f , a)£^-^>)T_ n(r)il ,(T, a) (2.56a) 

J(T, £, t, a) = j n(r) „(£, f , a)S"^-^>>)T_ n(r))i/ (T, a) (2.56b) 

4(r>(£, <r) = TV (jW(T, <r)T n(r)/ ,(T, a) J(T, £, t, a)) (2.56c) 

4(r)„(£> t,a) = fr (M{T, a)T n(r)M (T, a) J(T, £, t, a)) . (2.56d) 



We remark in particular that the second terms in Eq. (2.49a,b) vanish in the classical limit 
(2.55g,h) because the twisted conformal weight matrix V- S ^(T) is 0{k~ l ). 

We comment on the consistency of the monodromies which appear in the system ()2.55j) . 
(J2.56)) . beginning with the (two-sided) diagonal monodromy of the twisted matrix currents 
(see Eq. (TO ) 

j(T, £ + 2tt, a) = E(T, a)J(T, £, a)E(T, a)* (2.57a) 
j(T, £ + 2tt, a) = E(T, a)J(T, £, a)E(T, a)* (2.57b) 

which follows from the monodromy (j2.11c|) and the selection rule ()2.9cj) . Then it is straight- 
forward to check that the monodromy ()2.57|) of the matrix currents and the monodromy 
(12.21)1 of the group orbifold elements are consistent with the equal-time brackets Q2.55gD 
and (j2.55h)l . 

It follows from Eqs. 1)2.51)1 . (J2.5H)) that the classical WZW orbifold Hamiltonian and the 
classical WZW orbifold momentum of sector a have the form 

^ a = ^l ^ n(r)/i; " n(r) '>) (^(^^^..(^^^(f,*)^),^,*)) (2.58a) 

P ° = h G n{r)K - nir) > U (<T) ( J„(r)M(e, t)J-nir)A^ t)-J n (r)^, t)J- n{r) ^, t)) (2.58b) 

where we have suppressed the cx-dependence of the twisted currents. This gives us the 
classical orbifold equations of motion 

d m A(Z,t) = t{P ma ,A(Z,t)} (2.59a) 

d-Jn(r)^ t) = d + J n(r) „(£, t) = d-f a (t t) = d+f a (^ t) = (2.59b) 
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d t g(T, Z, t) = i(g(T, Z, t)J(T, Z, t) - J(T, Z, t)g(T, £, t)) (2.59c) 

%(T, Z, t) = i(g(T, Z, t)J(T, Z, t) + J(T, t)g(T, Z, t)) (2.59d) 

d + g(T, Z, t) = 2ig(T, Z, t)J(T, Z, t), d_g(T, Z, t) = -2iJ(T, Z, t)g(T, Z, t) (2.59e) 

J(T, Z, t) = Z, t)d + g(T, Z, t), J(T, Z, t) = - l -g(T, Z, t)d^g-\T, Z, t) (2.59f) 

which follow either by integration of the brackets in ([2.55)1 . or directly from Eqs. ([2.19)1 . 
(I2.20|) . and ([2.58)1 - using integral identities of the type ([2.16)1 . The twisted matrix currents 
J(T), J(T) are also conserved 

d_ j(T, Z, t, a) = d + J(T, Z, t,a) = (2.60a) 

Jn(r)»{Z,t,a) = - t -f?(M(T,a)T n{rh (T,a)g-\T,Z,t,a)d + g(T,Z,t,a)) (2.60b) 

Jn(r)^Z:t,a) = —Tr {M (T, a )T n ^.- )fl (T, a )g(T, Z, t, a )d-g~ 1 (T, Z, t, o )) (2.60c) 

because J n (r)^, J n (r)^ are conserved. Note that the equations of motion in ()2.59e|) are the 
classical light-cone analogues on the cylinder of the twisted vertex operator equations of 
Ref. HI]. 

2.8 The Canonical Orbifold Hamiltonian and the Twisted Einstein Metric 

We may now give the canonical realization P ma = P ma [x,p] of the classical WZW orbifold 
Hamiltonian and momentum 

H*= fdZHa{x(Z)M)), P°= [ dZA(x(Z)M)), C7 = 0,...,AT C -1 (2.61a) 
Jo Jo 

HrMQM)) = 27rG"^( s ^(x)p n( ^( J B)p n(s)i/ ( J B) 

+ i-^^^( s )^ n(rV;ri(s) ,(x) (2.61b) 

A(*(Z)M)) = P: {rh (0d^(Z) (2.61c) 
V ma (x(Z + 2n),p(Z + 27c)) = V ma (x(Z),p(Z)), = {H a ,V a ) (2.61d) 

which are obtained by substitution of the canonical realization ([2.39)1 of the twisted currents 
into Eq. (12351) . 
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In the canonical form ()2.61|) of the classical orbifold Hamiltonian, we have encountered 
for the first time the twisted Einstein metric G,(x) of sector a and its inverse G'(x) 

G ni r)t, M s)u(x(0) = e(x(0)n(r) M n( ' )5 e(x(0)„( S ) 1 , n(U) ^„(t)5;„( U )e(^) 

= e(x(0)n W / W<5 e(i;(0)n(s),~ nW ^n W( 5;-n W , £ (a) 

= G„ (s ) y;n ( r ) M (x(£)) (2.62a) 
= G n ^ v ' n{r)fi (x(C)) (2.62b) 

Gn WM ;n W5 (x(0)G'" W5; " (s)ly (x(0) = 5 n[r) < S > (2.62c) 

G n{r)Kn{s> {x) = G n{r)irMs> {x a , a), G n ^ n{s >(x) = G n ^^ s >(x a , a) (2.62d) 

where (?,(er) and G'(o~) are respectively the twisted tangent-space metric of sector a and 
its inverse (see Eqs. (|2.1j) and 1)2.53)1 ) . The diagonal monodromies of the twisted Einstein 
metric and its inverse 

G n ^)^ n {s)u{x{i + 2tt)) = e *<o G„(rV;n( s ) i ,(£(0) (2.63a) 

follow from the monodromy ()2.27b)) of the twisted vielbein and its inverse. Using ()2.28cjl . 
we note that the definitions in (j2.62aj) . ()2.62b)l hold as well with e(x) — > e{x). 

From Eqs. ()2.37)) . ()2.62a)) and the explicit form of the twisted vielbein in ()2.35j) . we also 
obtain the closed form and symmetry of the twisted Einstein metric 

G n(r)flMs)u (x) = ^ t +^- 2 )n(r^ n(t)5 Gn(t)6Ms)^) (2.64a) 

= [ elY+ i ^~ 2 )n(s)u n(t)S Gn(t)SMr)^( Cr )= { f Y ^r)^^' 5 Q -n{s),5-,n(s)u{.^) (2.64b) 

which should be considered together with the closed forms of e and B in Eqs. (12.35)1 and 
()2.36)) . The monodromy ()2.63)) of the twisted Einstein metric is again consistent with 
the monodromy ()2.34d|) of Y because the twisted tangent space metric G,(cr) satisfies the 
selection rule ()2.9a)) . 

The twisted Einstein metric allows us to define the WZW orbifold interval 

ds\a) = ^(^^(^(i^xf^^W" (2.65) 

for each twisted sector a of the orbifold. It is clear from Eqs. ()2.63a)) and ()2.24c)) that 
the WZW orbifold interval (j2.65j) has trivial monodromy upon circumnavigation of the 
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cylinder. The interval can also be expressed in terms of the induced WZW orbifold metric 
G mn on the world sheet: 

ds 2 (a) = G mn {£, t, a)dCdC (2.66a) 
G mn (Z, t, a) = G n(r)(tMa)v (x a (Z, t))d m x n /^(£, t)d n x< s >{^ t) (2.66b) 
G mn {t + 2<K,t,a) = G mn (Z,t,a), (e°,^) = (U), (80,81) = (<%,«%). (2.66c) 

In this direction lies the study of WZW orbifold geodesies and related topics, but we will 
not pursue this here. 

Orbifold intervals and induced metrics are further discussed in Subsecs. 3.3 and 4.3. 

2.9 Phase-Space Derivation of the General WZW Orbifold Action 

We turn finally to the classical coordinate- space formulation of the general WZW orbifold. 
In this development, we use the orbifold Hamiltonian equation of motion (|2.59ajl for the 
twisted coordinates 

d t x n /^ = AnG n ^^ s >(x)p n{s)u (B), p n{r) ,(B) = ^G n{r) ^ n{s)v (x)8 t xf s > (2.67) 

to eliminate the twisted momenta p in favor of d%x. As a first example, one may use ()2.67j) 
and the canonical form ()2.39|) of the twisted currents to obtain the following coordinate- 
space form of the twisted currents: 

4(r) M (£, O) = ^ + ^W 5 (e)e(x(0)n( t )<5 n(s) ^n( S ),;n(r-) /i (fT) (2.68a) 
Jn(r)^ <T) = \d-xf> 5 {Z) KmUt^Gnis^M) ■ ( 2 -68b) 

This result can also be obtained from Eqs. (l2~T0bl . (I2~231) . (I2~2T)|) and (127)01) . 

Similarly, we may obtain the action formulation of sector a by the Legendre transfor- 
mation 

4(5(0) = 4(5(0, 9 m m) = Pn(r)^a (r H0 ~ M)) ( 2 -69) 

where H. a is the canonical Hamiltonian density in Eq. (|2.61|) . This gives the twisted sigma 
model form of the general WZW orbifold action 

Sg i(T ) = Jd 2 Z£ a (x(0), d 2 i = dtdi, a = 0,...,iV c -l (2.70a) 

4(^(0) = ^(Gn(r),;n( S ),(i) + B <r) ^ t> (x ))d+X^d-X^'> (2.70b) 

4(5(£ + 2tt)) = 4(5(0) (2.70c) 
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for sector a of A g (H)/H, where G and B are the twisted Einstein metric and the twisted 
B field of that sector. The trivial monodromy (|2.70c|) of the Lagrange density L a follows 
from the diagonal monodromies of x, G and B in (j2.H2j) . (|2.f)2jl and (|2.H9jl . 

We may also reexpress the twisted sigma model form of the WZW orbifold action in 
terms of the group orbifold elements g. The central step here is the orbifold Gauss' law 

(g-'algf = d\dp e ABC {g~ l d A g){r l d B g){r l dcg) (2.71a) 
Tr(M (g-'dgf) = d^dpd A j A , j A = ^e ABC d B xt^d c &t )v B n{ r)^{s> ( 2 - 71b ) 

{A,B,C} = {t,£,p}, e*> = l (2.71c) 

jfr(M (g-'dg) 3 ) =-lj #£lfy r) ^.yud + 3& r *d-£y'> (2.71d) 

which follows from Eqs. ()2.10b|) . ()2.25b|) and (|2.31|) . Here T is the usual solid cylinder 
(t,£,p) and e ABC is the Levi-Civita density. With Eqs. (I2.10bl) . (I2.25bj) . (I2.(i2a|l and the 
orbifold Gauss' law we finally obtain the original group orbifold element form of the general 
WZW orbifold action [JT| 

S m (T) = S s{<7) [M,g]=~ fd 2 ifr (M(T, a)g-\T, a)d + g(T, a)g~ X (T, a)d_g(T, a)) 

~ 127 J/ r ( M{T ' a ^-\r, o-)dg(T, a))') (2.72a) 

Saw [M(T, <r),g(T, £ + 2tt, a)} = S §{a) [M(T, <r),g(T, £,<r)], a = 0,...,N c -l (2.72b) 

where A4(T, o~) is the twisted data matrix of sector a. The result (|2.72j) was originally 
obtained in an entirely different manner - namely by the principle of local isomorphisms 
reviewed in Appendices C,D and the following section. 

The trivial monodromy (|2.72b|) of the WZW orbifold action follows from Eqs. (|2.1Ue|) 
and (|2.21j) . Moreover, using Eq. (j2.10d|) . variation of the WZW orbifold action gives the 
conservation ()2.60a|) of the twisted matrix currents as the orbifold equations of motion. 
The WZW orbifold action also reduces in the untwisted sector o = to the ordinary WZW 
action jSnHSHj for A g {H). 

The geometry of general WZW orbifolds is further studied in Subsec. 4.5. 
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3 Comments and Examples 



3.1 A Limitation on the Principle of Local Isomorphisms 

The principle of local isomorphisms PUIHIISIE] was originally designed and verified for local 
orbifold operators and the singular terms of operator product expansions on the sphere. 
Our goal in this subsection is to clarify, by comparison with Sec. 2, the range of applicability 
of this principle when working on the cylinder. 

It is clear in Ref. JTj that the principle of local isomorphisms can be used on the 
cylinder to obtain the form of all local orbifold operators and local products of classical 
fields. Indeed the general WZW orbifold action on the cylinder was originally derived from 
local isomorphisms 

S — > 9 (3.1a) 
automorphic response — > monodromy (3.1b) 

a 

in just this way, where S is the eigengroup element and g is the group orbifold element. 

Let us consider another example, this time involving the currents, for which one needs 
the eigencurrents [HI Ej : 

Jn(r)n{€, t,a)= x(°)n{r)vP ( a )n{r)^Ja{i, t), J"„(r) M (£, t,(?)= x{^) n {r)^ (°" )n(r)/^(£> *) ■ ( 3 - 2 ) 

Here {J, J} are the untwisted left- and right-mover currents of A g (H), U(a) is the inverse 
of the eigenvector matrix of the if -eigenvalue problem (|2.2j) and the x' s are the same 
normalization constants which appear in Eq. (|2.3|) . Then we may obtain the form ()2.58|) 
of the classical WZW orbifold Hamiltonian H a and momentum P a from the untwisted 
classical Hamiltonian and momentum as follows: 

H = L(0) + 1(0) = ^Jj% G ab (j a (C, t)J b (£, t) + J a (f , t)J b (C, t)) (3.3a) 

1 f 2v 

P = L(0) - L(0) = — J d^G ab (j a (U)MU) - J a (U)MU)) (3.3b) 

G ab J.(& t)J b {£, t) = g n ^- n{r) ' v (a)J n(r) ^, t)J„ n(r)>u (t;, t) (3.3c) 
— ^W«-»W^( ff )j (^t) (3.3d) 

G a6 J a (£, J 6 (£, *) = ^ r)w " n(r) '>) J„(r>(£, 0^-n(r),,(e, *) (3-3e) 

— > 6?" (r) ^ Tl(T ' ) ' l '(^)4(r)^(e,t)i-n(r) ) ,(e ) t) ■ (3.3f) 
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Here the local isomorphisms are 

J, J — >J,J (3.4a) 

cr 

automorphic response E n i r \(a) — > monodromy E n / r \(a) (3.4b) 

cr 

where E n ^(a) is the eigenvalue matrix of the if -eigenvalue problem ()2.2|) . the hatted 
objects are the twisted currents and H, P-^H a , P a are derived isomorphisms. Similarly, 

cr 

any local quantum or classical result in the orbifold can be obtained by local isomorphisms 
from the untwisted theory, for example the normal-ordered form of the orbifold stress 
tensors [3J > the bracket equations of motion ()2.59|) and even the canonical realization 
()2.39|) of the twisted currents (see Subsec. 4.5). 

For operators or fields with non-trivial monodromy however, the principle of local iso- 
morphisms will not give the correct twisted equal-time commutators or brackets - because 
these objects are spatially non-local. As an example, consider the equal-time bracket form 
of the untwisted current algebra and its corresponding eigencurrent algebra: 

{ J a (t t), J b ( V , £)} = 2m (f ab c J c (7], t) + G ab d^) 8{i - rj) (3.5a) 

{Jn(r)fi(^, t,a), J n (s)v(Vi *j °")} = 27U (.F n ( r ) M;n ( s )^ n(r)+n(s) ' 5 (ff )J n {r)+n{s),s{Vi *j ° ) 

^(r^-nCr),^ ") ~ V)- (3.5b) 

It is then clear that a naive application of the local isomorphism J — ► J would miss 

a 

the phases exp[— «^y(£ — v)] °f the monodromy factors 5 n (r)(£ — V) i n the twisted current 
algebra (|2.19p - and these phases are necessary for consistency with the monodromies of the 
twisted currents. More generally, the monodromy factors in the equal-time commutators 
and brackets of Subsecs. 2.2 and 2.3 do not follow from local isomorphisms. 

3.2 Example: Einstein Geometry of the WZW Permutation Orbifolds 

As a large example of the development in Sec. 2, we work out here the explicit form of 
the twisted geometric objects e(x), G(x), B(x), and H(x) for sector a of the general WZW 
permutation orbifold [11-13]. We begin with a brief review of what is known about these 
orbifolds at the tangent-space level. 

For the WZW permutation orbifold A g (H) / H, one starts with the permutation-invariant 

system 
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9 — ©/fl 7 ; 7 — 0) hi — k, if (permutation) C Aut(g) (3.6) 

where if (permutation) permutes the copies g 1 of simple g. We remind the reader that, in 
the cycle basis of Refs. [5,11-13], each permutation is expressed as a product of disjoint 
cycles of size fj(cr), where j indexes the cycles and j indexes the position within the jth 
cycle. In the notation of the orbifold program, this gives the labelling for sector a of the 
general WZW permutation orbifold [HI ITS} I2U 1 IT3] 

/ \ . M , x . n{r) N(r) j 

n[r)fi -> jaj, N(r)fi -> jaj, — — = —— = — - (3.7a) 

p(a) R{a) Jj[p) 

j = 0, fj{a) — 1, a = 1, dim g, a = 1, dim T, a = 0, . . . , N c — 1 (3.7b) 

where T is any matrix irrep of g. As a computational aid for the reader, we list some 
well-known examples of this labelling 

z a : fj(cr) = p(a), j = 0, p{a) - 1, j = 0, -A-r-1, a = 0, p(cr) - 1 (3.8a) 

Za, A = prime : p(er) = A, j = 0, ...,A — 1, j = 0, er = l,...,A — 1 (3.8b) 

n{3)-l 

Sn ■ fj{o) = <Tj, Vj+i <crj, j = 0, . . . , n(a) - 1, ^ aj = N (3.8c) 

3=0 

so that e.g. the sectors of the Sn permutation orbifolds are labelled by the ordered parti- 
tions of N. 

For sector a of all WZW permutation orbifolds, it is conventional to choose the nor- 
malization constants: / 

X(a) hj =x(a) 1 = ^f j (a). (3.9) 

Moreover, the duality transformations (|2.3j) . (|2.5j) and ()2.42cj) have been explicitly evaluated 
[11-13] in this case as 

VjarJiJ ) = 6 ji k fj( a )VabSj + i 0mod fj{a) , Fj aj r m mcm ((r) = 5ji5ffab C 5" j+ i-^ firaod fj{a) (3.10a) 

c ™ {a) = ^^wf 8 '^ 1 ^ * w ' ^ (T ' a)=Ta ® thia) (3,10b) 

[T a , T b ] = tf ab c T c , t h {a) t r = Uo (3.10c) 

5' = 0, ...fj(a) - 1, a = 1... dimg, a = 0, . . . , N c - 1 (3.10d) 

where / a fe c and 7/ a fc are respectively the (untwisted) structure constants and Killing metric 
of g. The zero modes {</o<y(0)} of the twisted current algebra and the corresponding subset 
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{% a j(T, a)} of twisted representation matrices generate the residual symmetry algebra 
of sector a. We also note that, because of the normalization ()3.9jh the rescaled twisted 
representation matrices T(T adj , a) in ()2.34j) reduce in this case to the ordinary twisted 
representation matrices T{T ad \a\ 

For the WZW permutation orbifolds, it is also known ^T] that the group orbifold 
elements g are reducible according to the disjoint cycles j of h a e if (permutation) 

g(T,U,«> jaj if31 = ^g 3 {T,i,t,a)^ (3.11a) 

&(T, £ + 2tt, t, a) 3 Jf> = e- 2 ^gj(T, £, t, a)^ (3.11b) 

Sg { ,)[M,g] = Yl^M (3-llc) 

and the separable form of the WZW orbifold action in ()3.11c|) was given explicitly in 
Refs. fH\ l2*Uj . As we will see below, all the twisted geometric objects of the WZW per- 
mutation orbifolds are similarly reducible and the orbifold Hamiltonian is separable, as 
expected from the reducibility of the operator theory [T3] . 

Using Eqs. (|2.34|) and (|3.1U|) . we find the closed form of the twisted adjoint action: 
m h / U = g-\T(T^, a),a) h / bl = dfi^J", il, (.,■>) = e"^ (3.12a) 

dimg fj(cr)—l 

Y(£) h / U = Sfr(V)]J\ Y0) = Y. E < J (0T;:" - r/j.cr) (3.12b) 

a=l j = o 

^ 0*. a )t = 5 i+i-m,0mod fj {a) ' ( 3 - 12c ) 

Then Eqs. (|2.35|) . (|2.36|) . (|2.64|) . and (|3.1Ua|) give the following explicit forms of the twisted 
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vielbein e(x) and the twisted Einstein tensors G(x),B(x) and H(x) 

< = 6 l M*% ib , = (4r)' g i(°W 6 = ^-f,o m od fM (3-lSa) 

GjarM^ = 6 iiGj(x%;ib> B ]aj . ibl (x) = SflBji&y^ (3.13b) 

= WW (' > ',; ;) / 2 ) ' ' 'A'< (3.13c) 

/>',(''' ),„:,, = fc/iW (' ' ; 2;V -) ,„ ' 'A'' (3.13d) 

HjajM™<™(&) = rt,7^„ ; ,// / (.'- , ) / „ ;//j;mr (3.13e) 

Hj(% 3 )~ja;ib;mc = ^'jaj^j(^ 3 )ib;7hc + ^tbj^ 3\^J mc{ja + ^mcjBj{X J )^ a .f b 

= kf^e^yj*' e 3 (xi)^ (3.13f) 

],l,rh = 0, . . . /j-(<t) - 1, a,6,c = 1, . . . ,dim g, a = 0, . . . , iV c - 1 (3.13g) 

for each sector a of all WZW permutation orbifolds. Here f a b c = f a b dr ldc are the totally 
antisymmetric structure constants of g. 

Using the block- diagonal forms in (|3.12|) . (j3.13|) . and the translation dictionary (|3.7|) . we 
find that the monodromies of all these objects 

•'•f K + 2vr) = Si"(t)e™lfa, ))(,-' it + 2ir)) Ja & = e^^Y^ (0) ]a ib (3.14a) 

fi^tf + 2vr))> = e-^n^^CO)^ (3.14b) 

'>;(•'•''(£ + 2n)y ja;ib = e- 2m ^G^(0) h . :ib (3.14c) 

+ 27r)y ja;ib = e^^^OU (3.11,1) 

+ 2vr)) ia; ^ c = e^^H^iOy^ (3.1 le) 
follow from the general monodromies in Sec. 2. 

Finally we find that, like the WZW orbifold action JHEl]; ^he or bifold Hamiltonian 
density 

H a (x,p) = }^ j Hj(x j ,pj, a) (3.15a) 
j 

■HM'.,,,. a) = 2^G 3 {x^rH h] {B j )P %3 {B j ) + ^d^d^jG^)^ (3.15b) 
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Phj&) = v] aj + }z"M , ) J ,,,,<k> J !; J - + 27r ) = e " 27ri//(CT) ^(0 ( 3 - 15c ) 

{P] aj (Lt),Zi l (v,t)} = ^5 l /j-_ ifimodf]{a) 5_^(Z- V ) (3.15d) 



5 3 (£-77) =e *W 5 (3.15e) 

Gi^'WcG,^)^ = <^ Momod />} (3.15f) 

is separable into a sum of non-interacting terms TCj. 

It will be straightforward to work out the Einstein geometry of many other examples 
because (except for certain outer-automorphic WZW orbifolds of Z 2 -type [H]) the tangent- 
space data for all the basic WZW orbifolds is given in Refs. [11-14]. 

3.3 Subexample: The Permutation Orbifold A ru ( 2 ) esu ( 2 )(Z 2 )/Z 2 



As the simplest subexample in the WZW permutation orbifolds, we have worked out the 
WZW cyclic permutation orbifold 

Aau(2)esu(2)(^2) 

z 2 1 ' ' 

in further detail. In this case, the unitary group elements g and unitary group orbifold 
elements g have the form 

/3 la (0Ti 1} 
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T (0) ~T (1) ~T (3.17a) 



g(T(T),O = exp[t0 Oa (Oh + P la (Ori)^T a ], r x = ( ° M (3.17b) 

^(e + 27r) = (-l)^ a (e) (3.17c) 

so that, in the single twisted sector a — 1, the residual symmetry of this orbifold is the 
diagonal su(2) generated by the zero modes of the twisted currents. 

We may use Eq. (|3.12b|) to find the explicit form of the matrix Y(x) in the twisted 
sector 

Y(x(0) = * (x°' a (Oh + x 1,o (0n) ® 4 (3.18a) 

xHt) = 4 a =f°(e, *), (T a a *) bc = i(Q bc = -it abC) e 123 = 1 (3.18b) 
x h (£ + 2tt) = (-l)^ a (£) (3.18c) 
p(l) = 2, j = 0, a, b, c £{1,2,3}, j G {0, 1} (3.18d) 



31 



where are the twisted Einstein coordinates with diagonal monodromy and we have 
chosen root length ip 2 = 1 for g = su(2). The matrices I a in ()3.18|) are the generators in 
the adjoint of the residual su(2) symmetry of the twisted sector. 

Using ()3.12aj) and (|3.18jl . we find the explicit form of the twisted adjoint action: 

n(x) /' b = n^La 1 ' 6 = \ (p(x + ) a b + o(x" ) a 6 ) (3.i9a) 

Cl(x)o, a ^ = fi(£)l, a °' 6 = \ (&(± + ) a b - Cl(±~) a b } (3.19b) 

- + fX* • 71 + fX ± ■ J) 2 + 

fi(X ) = 11+ V , ; sin|X I + v , ; (cos|X | - 1) (3.19c) 
It I It 1 2 

x ±>a = x ±,a (e, t) = x°' a (e, t) ± ^(e, t) . (s.i9d) 

Similarly, we obtain the explicit form of the twisted Einstein metric in this case 

Go,a-Mm) = Gi,„ ; i, 6 (x(0) = k (g(X + (0) + G(±~(0)) (3.20a) 

V / ab 

G ,a;i, b (m) = G^Mm) = k (G(X + (£)) - G(X~ (0)) (3.20b) 

V / ab 

G(X ± ) = 1+ ^^ J)2 (2cos|X ± | + |X ± | 2 -2) (3.20c) 
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from Eq. (J3.13cj) . It is not difficult to see that the twisted Einstein metric transforms as a 
second rank tensor under the residual SU (2) symmetry group of the twisted sector 

G^ir) = 5 ab f^(x) + hhff^x) (3.21) 

but this is because we have chosen the preferred coordinate system x = (3. 

We comment on monodromies in this example, starting from the diagonal monodromy 
(I3.18c|) of the twisted Einstein coordinates: 

{x°' a (£ + 2tt) = ^' a (£ + 2vr) = -x^(0} =► X ±>a (e + 2vr) = X T '°(£) (3.22a) 

tt{± ± {£ + 27i)) = fi(X T (0), G{± ± {£ + 2tt)) = G(X T (0). (3.22b) 

The coordinates X ±,a do not have definite monodromy and are in fact an example of the 
'coordinates with twisted boundary conditions' discussed more generally in App. C. Then 
we may verify that the correct diagonal monodromies (3.14b,c) of the twisted adjoint action 
and the twisted Einstein metric 

&m + ^))h = ^ m0 - i] ^myJ\ fy^m + = ^ m0+t) G h , ib m)) (3.23) 
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follow from Eqs. (j3~T9jl . and (gH2D - 

The explicit form of the WZW orbifold interval ()2.65|) in this case 



d s >=l) = G h;ib (x)dx^dx lb 

= k (G(± + ) ab d± + ' a d± + ' b + G(X) ab dyT ,a dyT ,b ^ (3.24) 

may be an appropriate starting point for further study of WZW orbifold geodesies and 
related topics. 

The corresponding explicit forms of the twisted B field B and the twisted torsion field 
H of this orbifold are also easily worked out from Eqs. (j3.13d|) and ()3.13f|) . but we shall 
not do so here. As further examples, orbifolds on abelian g are considered in App. E. 

4 Sigma-Model Orbifolds 

In this section we use eigenfields and local isomorphisms to find the action formulation of 
the orbifolds of a large class of non-linear sigma models. This sigma model orbifold action 
will include the general WZW orbifold action ^1] and the general coset orbifold action [20] 
as special cases, as well as the action formulation of many other orbifolds such as orbifolds 
of the principal chiral models. 

4.1 Non-Linear Sigma Models with a Linear Symmetry 

We begin with a general nonlinear sigma model Am on a general target-space manifold M 

Snls= fd 2 ££ NLS (x), C NLS {x) = —(Gijix) + B i:j (x))d + x l d-x J (4.1a) 
J on 

Gij(x) = Gji(x), B i: j(x) = -Bji(x) (4.1b) 

d 

H ijk (x) = diB jk (x) + djB ki (x) + d k Bij(x), = ^— (4.1c) 

with a set of local-'- 2 Einstein coordinates {x\ i = 1, . . . , dim M}, as well as the usual 
Einstein metric Gij(x), B field Bij(x) and torsion field Hij k (x). We will limit ourselves 
here to the class of sigma models Am{H) with a symmetry group H which acts linearly on 

complete treatment of the nonlinear sigma model should include discussion of global issues (in which 
the discussion of the text pertains to a coordinate patch), but we will not do so here. 
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the coordinates and fields as follows: 

x 1 ' = x\w^)i j , diiw*)* = 0, di = Wi j dj, w = w(h a ), \/h a G H (4.2a) 

Gijix)' = G^x') = Wi l Wj k G lk (x), B l3 (x)' = B l3 (x') = Wi l Wj k B lk (x) (4.2b) 

H ijk (x)' = H ijk (x') = Wi l Wj m w k n Hi mn {x) (4.2c) 

C NLS (x)' = C NLS (x') = C NLS (x) . (4. 2d) 



Linearity of the symmetry transformations can be maintained only in certain preferred co- 
ordinate systems: In conventional terms, we are considering the special case of a symmetry 
group H with one fixed point of M in each sector a, and the preferred coordinate systems 
are those in which the fixed points are at the origin for all a. In a somewhat more general 
language, the symmetry group H must be a subgroup of the isometry group of M, and H 
must also preserve the two-form B on M. The class of symmetric sigma models Am{H) 
includes as special cases the symmetric WZW models A g (H), the general if-invariant coset 
construction A g /h(H) and the if-invariant principal chiral models. 

4.2 The Sigma Model Orbifold Action 

Our primary task here is to use an Einstein-space generalization of the principle of local 
isomorphisms to obtain the sigma model orbifold action for the sigma model 
orbifolds A M (H)/H 

Am(H) A g (H) A g/h (H) 

H H ' H '"' { } 

in terms of their twisted Einstein fields. 

As a first step, we define the Einstein-space if-eigenvalue problem 



M^l^Vl/'^^Vli^^wfT) (4.4a) 

U\a)U{a) = 11, E n[T) {a) = e- 2m —) (4.4b) 

Lu(h V = 8i\ tft( ) = lj £ o(0 ) = i (4.4c) 

i,j = l,..., dim M, a = 0, . . . , N c - 1 (4.4d) 



in analogy with the tangent-space if -eigenvalue problem in ()2.2j) . Here N c is the number 
of conjugacy classes of H, p(a) is the order of h a G H, and n(r),/i are respectively the 
spectral indices and degeneracy labels of the eigenvalue problem. In spite of appearances, 
there is no a priori relation between these Einstein-space indices and those defined by the 
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if-eigenvalue problem in ()2.2j) - which applies only to the tangent-space description of 
group manifolds. 

We now use the Einstein-space if-eigenvalue problem in the standard way [3 EJ ITT] . 
The relevant eigenfields X,Q,B,7i and their responses to the symmetry group are 

X n ^(x) ee Xf >(x) = ^^(^ x\X) = X {a) n{r) ^^{x)U{a) n{r) ; (4.5a) 

£/n(r) W n(a)i/(3C) = xM n(r ) M x(cr)„( s ) i ,f/(o-)„( r ) M J f/((T) n ( s )^G' ij (x(X)) (4.5b) 
S«(r) W n( S ),(X) EE x(^ n ( r)tl x(T) n(s )^ (<T)n(r)pU {a)n{s)J Bij(x(X)) (4.5c) 

T~(-n(r)/j,;n(s)u;n(t)5 (^) 

= X(o - ) ft (r)^X(°')n(«)i/X(o - )n(t)i^' (°" )n(r)JU (a ) n ( s )JU((J ) n{t)5 k H ijk (x{X)) (4.5d) 

X"^(x)' = X"^(x') = xW^^W^ = X n ^(x)E n(r) (a)* (4.6a) 

^n(r) At ;n(s)^(X)'= ^n(r)^;n(s)i/ (X(x') ) = E n ( r ) (<j)E n ( s ) ((j)Q n ( r )^ n ( s )y(X) (4.6b) 
Sn(r) w n( 8 )i/(^) = ^n(r) At ;n(s)y (^(^ )) = ^n(r) (<?" )-^n(s) (o" )#n(7>;n(s>(^) (4.6c) 

= W n ( r ) At;n ( s )„ in (t)a(X(z )) = £7 n ( r ) ((7 )£? n ( s ) (c )-^n(i) (°" )^n(r)/i;n(s)^;n(t)<5(^) (4.6d) 

where x(o-) are a set of normalization constants with x(0) = 1. We may then rewrite the 
Lagrange density (j4.1)l of the symmetric non-linear sigma model in terms of the coordinate 
eigenfields X(x): 

C NLS (X) = C NLS (x(X)) = ^{g n(r) „ Ms> {X) + B n{r) ^, n{s)v {X))d + X n ^d^ s > (4.7a) 

CnlsW = £nls{%') = C NLS (X) . (4.7b) 

In the form ()4.7a|) . the if-invariance ()4.7b|) of the Lagrange density follows directly from 
Eq. IfPHl . 

Next, we use the principle of local isomorphisms 

X — >x, G(X) — >G(x), B(X) — >B{x) (4.8a) 

(TO" (7 

H(X) — > H(x), C NLS (X) — > £^ L5 (£) (4.8b) 
automorphic response E n r r ^(a) — ► monodromy E n r r \(a) (4.8c) 

(T 
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to obtain the twisted Einstein fields x,G,B,H with diagonal monodromy and the sigma 



model orbifold action 

S? LS = j d*U? LS (Z), o- = JV C -1 (4.9a) 

^ LS (X) = ^{Gn(r)^>( £ ) + 5n( r )^;n(,),(x))9 + X™( r )^_X™( S ^ (4.9b) 

fln(rW<)i/;n(t)i(z) = {d n {r)^B n ^ v . n( ^ 5 (x) + cyclic in (n(r)/x, n(s)i/, n(i)<5)J (4.9c) 

Gn(r) K n( s )^(( + 2tt)) = e~ p<»> G n ( r ) iU;n ( s ) y (£(^)) (4.9e) 

a 27T2 ri ( r )~'" ri ( s ) " 

^(i-Ws)^^ + 27t)) = e" B n{r)fl . n{s)u (x(^)) (AM) 

2- T j n ( r )+ n ( 3 )+"( t ) A 

-ffn(r)^;n(s)i/;n(t)5(£(^ + 27T)) = e #„(r) W ri(s>;n(t)K X (£)) (4.9g) 

£f- s (x(£ + 27r)) = £f^(x(£)) (4.9h) 



z = x„(0, G^EGM.ff), S(f)= 5(^(0, tr), = H(x (£), a) (4.9i) 

which describes sector a of each sigma model orbifold Am{H)/H. Here x n ( r ^ are the 
twisted Einstein coordinates with <9 n ( r )^ = d/dx n( - r ^, G(x) is the twisted Einstein metric, 
B(x) is the twisted 5 field and H(x) is the twisted torsion field of sector cr. As expected, 
G is symmetric in its indices, while B and H are (totally) antisymmetric. 

The eigenfields (|4.5jl and the principle of local isomorphisms (14. 8 j) also give the explicit 
functional forms of the twisted Einstein tensors 

= xW^^^nCDM* "7* = = XW^^^W)^ (4-lOa) 

Gn(r) K n( S )^) = XW ( r )^W„(,)„^ (rfntfpU (a) n{s)u j Gij X(f )) (4.10b) 

S n ( r ) wnWl/ (x) = xW^xWnW^ (o-)„( r)/ /f/ {ojntf* 3 B^x-* X(f )) (4.10c) 

Hn(r)n;n(s)v,n(t)s(%) (4.10d) 
= x(c r ) n ( r ) At x(o')„( s ) ! ,x(^)n(t)5 f/ (°" )n(r)»U (a ) n ( s )JU{(J ) n {t) S k ''H ijk (x-> X(x)) 

in terms of the untwisted Einstein tensors Gij(x), -By(x) and Hijk(x). As an example, we 
may see this for the twisted Einstein metric by following the steps shown in Fig. 1. 
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Qn(r)^n(s)u(X a ) = X{^) n (r)fiX( a )„( s )uU )n{r)JU (d ) n ( s )v 3 Gij(x(X)) 



a 



G n (r)^n{s)ui.X a ) = x(^)„( r ) M X(^)ri( S ) l /^( CT )n(r)/^(^)n( S )^Gi i (a;^X (7 (x (T )) 

Fig. ^ Metric and Twisted Metric 
The arrow notation in (4.10b,c,d) means replacement in the functional form 

f(x^X(x))=f(x)\^ ± (4.11) 

^ a 

and the objects % l (x) (defined in ()4.10a|) as locally isomorphic to x 1 ) are identified in Ap- 
pendix C as Einstein coordinates with twisted boundary conditions (matrix monodromy): 

%l{i + 2n) = ± 3 a {i)w\K) ] \ (4.12) 
Consequently, the twisted Einstein coordinates x 

K ir) ^t) = x(<r)^K(tt)tf(a)f^ = x {a)-l r) /{x^±{x))U\a)^ (4.13a) 



£ n(r)»^ + 27r? q = t )e^) (4.13b) 



are obtained as the monodromy decomposition of X. 

Note that we do not find any selection rules [3J El IHj for the twisted Einstein tensors 
G or B. This is in contrast to the case of twisted tangent-space tensors (see e.g. the 
remarks around ()2.9|) ). and this absence can be traced back to the fact that the untwisted 
Einstein tensors are not invariant under the action (j4.2b|) of the automorphism group. In 
fact however, selection rules do exist for the moments of the twisted tensors - as we shall 
see in Subsec. 4.4. 

4.3 The Sigma-Model Orbifold Interval 

The sigma-model orbifold interval 

ds 2 (a) = G n(r) ^ M8> (x)dx^dx^'> (4.14a) 
= G ij (x^X a )dX % tT dxl (4.14b) 

cr 

= ds 2 (a = 0)\ x ^ (4.14c) 
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has the same basic form (|4.14ajl as that given in Eq. ()2.65|) for the WZW orbifolds. The 
alternate forms in (4.14b,c) follow from Eqs. (|4.10b|) and (|4.13a|) . the fields X* are the 
Einstein coordinates (|4.1()ajl with twisted boundary conditions and the untwisted interval 

ds (o = 0) = Gij{x)dx x dxP. (4.15) 

The relative simplicity of (j4.14b|) (with no x(<t)'s or [/(er)'s) is a consequence of the trivial 
monodromy of the orbifold interval. 

All forms of the interval in (j4.14j) apply as well to the WZW orbifolds, and we mention 
in particular the specific WZW cyclic permutation orbifold 

^gu(2)®5u(2)(Z 2 ) ^ 
Z2 

which was discussed in Subsec. 3.3. In this case, the orbifold interval (j4.14|) takes the 
explicit form 

x°10' = ^(0, ^(O'^'m a = 1,2, 3 (4.17a) 
ds 2 (a = 0) = k{G{x ) ab dx°' a dx°' b + G(x 1 ) ab dx 1 ' a dx 1 ' b ) (4.17b) 

ds 2 (a = l)=ds 2 {a = 0)1^^=^ (G(X + ) ab dX + ' a dX + ' b +G(X~) ab dX~' a dX~' b ] (4.17c) 

in agreement with Eq. ()3.24|) . where G(x) and if 1 are defined in Eqs. (|3.19|) and ()3.20|) . 

As illustrated in Eq. (j4.14b|) . orbifold quantities with trivial monodromy have simple 
forms when expressed in terms of the Einstein coordinates X with twisted boundary con- 
ditions. We note in particular the induced sigma-model orbifold metric G mn on the world 
sheet 

G mn {^ t, a) = G n{r) , Ms)u (x a (£, t))d m x n /^(£, t)d n x n a ^(£, t) (4.18a) 
= G t3 (x^X a )d m X % M,t)d n xi({i,t) (4.18b) 
ds\o) = G mn (£, t, a)dCdC, e) = (t, (4.18c) 

and the closely-related alternate form 
S« LS = 1T fd\(G l] (x)+B lJ (x))\ ± d + Xl(Z,t)d„Xl(£,t), a = 0,...,N c -l (4.19) 

of the sigma model orbifold action (|4.9j) . To our knowledge, fields with twisted boundary 
conditions appeared first in Ref. [3*7] . 
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4.4 Moment Expansion of the Twisted Einstein Tensors 

In this subsection, we use moment expansions to further explore the results of the Sub- 
sec. 4.2. 

We begin with the moment expansions of the untwisted Einstein tensors 

CO CO 

Gii(x) = 9ij,h-i m ^ ■■■x im , Bij{x) = b ij,h-i m ^ ■■■x lm (4.20a) 

m=0 m=0 

CO 

Hijk(x) = h m,h...i m x h ■ ■ ■ x im (4.20b) 

m=0 

h i jk,i 1 ...i m = (m+l) (b ij)kh ...i m + cyclic in (ijk)) (4.20c) 

where the untwisted moments g___, b , and h___ are totally symmetric in the indices i\ . . . i m . 
Because X(x) in (|4.10aJ) is linear in x, we know from the other relations in (j4.10j) that the 
twisted Einstein tensors of sector o will have similar moment expansions 

OO 

Ci , , s (v \ — C , s i \ , s , ^ <f n ( r lW . . . i"( r '"K (A 01 a \ 

^n(r)n;n(s)u\^a J / J Vn(r)fj,,n(s)i/,n(ri)^i...n(r m )^ rn -^a y-t.A±aj 

m=0 

CO 

B n {r)f_i^n{s)u^<j) ^ ^n(r)^,n(s)u,n(T\)^\...n{rm)^m X J' ^ '''•^a' ^ (4.21b) 
m=0 

CO 

Hn(r)ti;n(s)v\n(t)5(%<r) ^ ^ ^n(r)fi,n(s)u,n(t)S,n(ri)fii...n(r m )flm^a' ^ ^ (4.21c) 

m=0 

7~£n(r)ti,n(s)v,n(t)8,n(ri)fii...n(r m )ti m ~ ( m + 1) (^3„,(r)/i,n(s)^,n(i)(5,n(ri)/ii...n(r m )/i m 

+ cyclic in (n(r)/x, rc(s)*/,n(t)<5)) (4.21d) 

in terms of the twisted Einstein coordinates x CT . The twisted moments and W... in 

Eq. (|4.21|) are also totally symmetric in the indices n(ri)fii . . . n(r m )/i m . Substitution of 
the moment expansions ()4.20|) and (j4.21|) into (j4.10|) gives the explicit forms of the twisted 
moments as an arbitrarily large set of duality transformations 
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Qn(r)fj,,n(s)u,n(r 1 )fj, 1 ...n(r m )fj, rn — Xn(r)fiXn(s)i/U n (r)p ^n(s)i/ ( J_ _|_ Xn(r k )iJ, k ^n(r k )n k * J 9ij,h—im (4-22a) 



vfc=l 
m 



vfc=l 



Bn(r)fi,n(s)v,n(ri)fii...n(r m )fi m =Xn(r)fMXn(s)vU n (r)fi U n ( s ) u J | J^J Xn(r k )[i k U n (r k )fj, k k J ^ij,h...i m (4.22b) 
%n(r)(j,,n(s)v,n(t)6,n(ri)(j,i...n(r m )tJ m 

= Xn(r)vXn{s)vXn(t)sU n (r)^U n ( s )JU n (t)s k \ Xn(r k )ii k ^n(r k )fi k k ) hijk,h...i m (4.22c) 



X EE X (a), U EE [/(a) (4.22d) 

which express the twisted moments Q...,B...,TC... of G,B,H in terms of the untwisted mo- 
ments g...,b respectively. 

Next, we need the if-invariance of the untwisted moments 

{w% k {w^/{w%^ ■ ■ ■ (w%J m g kltjl ... jm = //,,,...,... (4.23a) 
(w% k (w^/(w%^ ■ ■ ■ {w%J™b hhh ... jm = /,,,„..„„ (4.23b) 
(w% l (w% m (w% n (w%^ ■ ■ ■ (w%J™h lmn>jl ... jm = h ijk>il ... im (4.23c) 

which is a consequence of the symmetry transformations (4.2b,c) of the untwisted tensors. 
It follows from the duality transformations in ()4.22|) that the selection rules for the twisted 
moments 

Qn(r)^n{s)v,n(r 1 ) l i 1 ,...Mr m )^ m V L ~ E n(r) E n(s) E n( ri ) ' ' ' E n(r m )) = (4.24a) 
^n(r) At ,n(s) l /,n(r 1 ) Ml ,...,n(r m )^ m (l ~ E l(r) E n(s) E n(n) ' ' ' E n(r m )) = (4.24b) 
Hn(r)^,n(s)i^,n{t)S,n(r 1 )^ 1 ...n(r m )ti m {i ~ E n(r) E n(s) E n(t) E n(n) ' ' ' E n(r m )) = (4.24c) 

and the solutions of these selection rules 

Qn{r)^n{s)u,n{r-i)tix,...,n{r m )iJ,m ^ ^n(r)+n(s)+Y,JL 1 n(r j), mod p(a-) (4.25a) 

)+E J m = i«(^),omod P ( CT ) (4.25b) 

'Hn(r)p,n(s)u,n(t)S,n(r 1 )fi 1 ,...,n(r m )n m OC ^n(r)+n(s)+n(t)+E^i nfa^Omod^f) (4.25c) 

are dual to Eq. ()4.23j) . As an example, the selection rule ()4.24aj) follows by substitution of 
(I4.23aj) into the duality transformation (j4.22aj) and subsequent use of the Einstein-space 
if -eigenvalue problem ()4.4|) . 
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Using the twisted moment expansions (j4.21|) and the diagonal monodromy (j4.9d|) of the 
twisted Einstein coordinates x, it is easily checked that the selection rules ()4.24|) guarantee 
the correct diagonal monodromies of the twisted Einstein tensors G, B and H in Eq. ()4.9j) . 

One may also use eigenfields and the principle of local isomorphisms to discuss the 
phase-space formulation of the sigma model orbifolds. In this development, one finds the 
twisted coordinates and momenta 

Pi (0' = wJ Pj (0, AO' r'(0(<r 1 )/ (4.26a) 

o Mr) 

V n {r)M = x(<y) n{ r^U(a) n{r ^ Pl (0, Vn(rUO' = e ^>Vn(r)„(0 ( 4 - 2 6b) 

V — >p, X — vx (4.26c) 

n(r) n(r) 

P a n(r)^ + 2vr) = e- 2m ^p^(0, x n /^ + 2n) = x^&e ' 2n W (4.26d) 

where P n ( r ) M are the eigenmomenta and x n< - r ^ are the eigencoordinates in (J4.5a|) . Similarly, 
the principle of local isomorphisms gives all local products of twisted classical fields in 
the sigma model orbifolds. For example, the sigma model orbifold Hamiltonian H a and 
momentum P a are those given in Eq. (j2.61|) . now with the more general G and B of the 
sigma model orbifold. We must remember of course to include the monodromy factors 
(I2.14|) in the twisted equal-time canonical brackets 

{P^M ^(V)} = -iSn(r), nis)l/ 6 n(r) (t - 7?) (4.27a) 

{K(r)MPn(sy(ri)} = {K (r) ^),K is)u (v)} = (4.27b) 

in order to guarantee consistency of the brackets with the monodromies. One may also 
consider the twisted tangent-space formulation of the sigma model orbifolds, starting for 
example from the untwisted tangent-space formulation in Ref. |38j . 

The sigma model orbifolds described here are in general not conformal at the quantum 
level. To select those orbifolds which are 1-loop conformal, one will presumably need to 
consider the twisted Einstein equations which we present in Subsec. 4.7. 

4.5 Example: More About WZW Orbifold Geometry 

The WZW orbifolds discussed in Sec. 2 are special cases of the sigma model orbifolds above, 
but WZW orbifolds have additional geometric structure which we will study now from the 
viewpoint of the preceding subsections. In particular, the moment expansions and explicit 
functional forms of Subsec. 4.3 can be extended in this case to include the group orbifold 
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elements and the twisted vielbeins, and all the local twisted phase-space geometry of Sec. 2 
can be obtained by the principle of local isomorphisms. 

We begin by recalling ^1] the automorphic responses of the untwisted unitary WZW 
group element g(T) on the group manifold M = G and the corresponding tangent-space 
coordinate (3: 

g(T, £, t)' = W(h a ; T)g(T, £, t)W\h a - T), a = 0, . . . , N c - 1 (4.28a) 
g{T,£,t) = e^ a ^ T % (3 a (t,ty = (3\^t)w\h a ) b a (4.28b) 
W\h a -T)T a W(h a ,T) =u(h a ) a b T b , a,6= 1,..., dim 0. (4.28c) 

Here uj{h a ) is the action of h a £ H C Aut(g) in the adjoint, W(h a ; T) is the action of /lo- 
in matrix rep T of g and the automorphic responses </ and /?' in (4.28a,b) are consistent 
with each other due to the linkage relation ([4. 28c)) . It is natural to choose the preferred 



Einstein coordinate system x = (3 

x l = (3 a e(0) a \ e(0) 4 a = 6", g(T, £, t) = e i * i < ^ T ° (4.29a) 

w{h a )j = e(0) t a w(h a ) a b e(0)b J (4.29b) 

t/V)i nW " = e(0y a U\a) a n ^, U{a) n{r) j = £/(a) n(r) /e(0y (4.29c) 

x 1 ' = x j w\h a )j\ i, j, a, b = 1, dim g (4.29(1) 



in which e(0) = 1 is the left-invariant vielbein at the origin (see below) and the Einstein- 
space if-eigenvalue problem (J4.4)) is isomorphic (with the same E n / r -\(a)) to the tangent- 
space if -eigenvalue problem (|2.2j) . According to the linear response of the Einstein coordi- 
nates in Eq. (j4.29d|) . this is a special case of the preferred coordinate system in which our 
more general sigma model (|4.1J) . (|4.2)l was formulated. 

From these remarks alone, it follows that the WZW orbifolds are described by the 
special case (|2.7()jl of the sigma model orbifold action ()4.9)1 with the specific forms of G, B 
and H 

Gn(r)n;n(s)v(x) = K^)n{r)^ n(t)S K^)n{ s )v n{u)t Qn(t)&Mn)M) (4.30a) 
= x(a) n(r)At x( ( x) n(s) ^( ( T) n(r) /f/(a) n(s) ^G^ H/ (a;-> X(x)) (4.30b) 

G% zw {x) = e(x) i a e(x)/G ab , G ab = ® I k lV I ab (4.30c) 
B n (r)^ n{s)v (x) = x{o) n{r)il x{o)n(s)u U (o-) n{r)ll l U (a) n{s)u ] B^ zw '(ar-> ±(x)) (4.30d) 
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Hn(r)n;n{ S )v;n{t)8{.x) = e-{x)n(r)iF^ ^ e(x) n ( s ) u ' l< " S ^ e(x) n (t^ ^ Fn(r')iJ,';n(s')u';n(t')d' (&) (4.30e) 
= xWn(r) M x(*)nM«X(<( t )^ (4-30f) 

#5^0*0 = e(x), a e(a;)/e(x) fc 7a fec , fate = f ab d G dc (4.30g) 

where -B^ ziy and H^ k zw are the fields of the original untwisted WZW model 

A g (H). The forms ()4.30a|) and ()4.30ep were given in Sec. 2 and the forms (l4~30bl . (IOoHI) 
and (J4.30fj) are special cases of the more general results given for the sigma model orbifolds 
in Eq. ijOTty . 

Moving beyond G, B and if, we will now apply the method developed above for the 
sigma model orbifolds to study the additional geometric structure of the WZW orbifolds - 
namely the group orbifold elements g and the twisted vielbeins e. 

The untwisted vielbeins e, e are defined as 

ei (x, T) = -ig-\T)d ig {T) = e{x) i a T a , e^x, T) = -ig{T)d ig -\T) = e{x)«T a (4.31) 

so the automorphic responses of the vielbeins 

e t (x,T)' = ei (x',T) = -ig- l {T)'dlg(T)' = Wi j W(h a ; T)ej(x, T)W^(h a ; T) (4.32a) 
ei(x, T)' = ei(x', T) = -ig{T)'dj = wfW{h a \ T)e,-(x, T)W\h a , T) (4.32b) 
(e(x)') t a = e(x') 4 a = iV'e; V)6°> ^(x)')? = e{x% a = Ve,- V) 6 a (4.32c) 

follow from ()4.2a|) , ()4.28c|) and the automorphic response of the group element in Eq. ()4.28a|) . 
The corresponding eigengroup elements ^l] S and eigenvielbeins £,£ are then defined as 

S(T(T, <?),£, t, a) = U(T, a)g(T, £, t)U\T, a) (4.33a) 

d 

S n {r)^{T,X) = -ig _1 (T,£)d n ( r ) M g(T,£) = £ {%) n {r)v v Tn(s)u, <9„( r ) M = ^ n(r)/j (4.33b) 

£ n(r)tl (T, X) = -iS(T, Odn(r)^-\T, = e(X) n(r) *'>T nia)v (4.33c) 

£{X) n{ r)» n(s)v = Xnir^x-^U^^xiX^iU^^, £{%) = X U e{x{X))U^ x ' X (4.33d) 

S{X) <r) < 8 > = X n (r)^ s)u U n{r) ^x{X)y(U%^, £(X) = x Ue(x(X))U\- 1 (4.33e) 

where U' = U'(a) is the eigenvector matrix of the tangent-space if-eigenvalue problem 
(12. 2 j) . U = U(a) is the eigenvector matrix f)4.29c|) of the Einstein-space if -eigenvalue prob- 
lem (14 .4|) and U(T, a) is the eigenvector matrix of the extended ii-eigenvalue problem in 
(J2.6|) . The twisted representation matrices T = T(T,a) are defined in Eq. (|2.5|l . The 
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automorphic responses of these eigenfields are 

S(T(T, a), £, t, a)' = E(T, a)S(T(T),£, t, a)E(T, a)*, a = 0,...,N c -l (4.34a) 

£ n(r)M (X)' = E n(r) (a)E(T, a)£ n(r) ^X)E(T, a)* (4.34b) 

4(r) M (X)' = E n{r) (a)E(T, a)£ n(rh (X)E(T, a)* (4.34c) 

(£(X)') n{r) ^ = £(X(x ! )) n{r) < s > = E n{r) (a)£(X) n{r) ^E n{s) (a)* (4.34d) 

(£(X)') n{r) < s > = £(X(x')) n{r) ^ = E n{r) (a)£(X) n{r) ^ s >E n{s) (af (4.34e) 

where E n r r \(a) and E(T,a) are respectively the eigenvalue matrices of the if -eigenvalue 
problem and the extended if -eigenvalue problem. 

For these eigenfields, the principle of local isomorphisms reads 

X — >x, S(X) — ► g(x), £{X) — > e(x), £{X) — ► e(x) (4.35a) 
automorphic response E n / r \(a), E(T,a) — > monodromy E n ^(a), E(T,<j) (4.35b) 

where g, e, e are respectively the group orbifold elements and the left- and right-invariant 
twisted vielbeins. This gives the monodromy ()2.21|) of g and the monodromies (|2.27|) of 
e, e, as well as the explicit functional forms of the group orbifold elements and the twisted 
vielbein 

g(T(T),£, t, a) = U(T, a)g(T, x^X{x))U\T, a) = e ^ (r)M «'*) r >W?>) (4.36a) 

xf^ = x {a)- n l r) X l U\ay^ (4.36b) 

e(x CT ,a)^ r) /^ = x ( CT ) n( ^ (4.36c) 

e(x) = x Ue(x^X(x))U\- 1 (4.36d) 

in terms of the functional forms of the untwisted group element g(T,x) and the untwisted 
vielbein ei a (x). The coordinates X(x) with twisted boundary conditions are defined in 
(j4.1()aj) . the arrow notation is defined in (|4.11j) and e, e are related to g as given in (J2.25bj) 
and ()2.26a|) . The result ()4.36c|) also holds for e(x) with e — ► e. 

For the group orbifold elements g, the moment expansion in terms of the twisted Einstein 
coordinates x is very simple 

g(T,£,t,a) — ^ ^-jTn^^T, a)...T n ^ rm ^ m (T, c)^^ 1 ^ 1 ^) • • . f^"™)^ (£) (4.37) 

m=0 
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and, as in the preceding subsection, the moments %i(r 1 )n 1 ---%i.(r m )n m of the group orbifold 
elements satisfy the selection rules 

E n( ri )(v)*---E n{rm) (a)*T n{ri)fll ...T n{rm ^ m = E(T ', a)T n{ri)lll ...T n{rm ^ m E(T ', a)* (4.38) 

which follow from the selection rule ()2.9cj) for T. Moreover, as in Subsec. 4.4, these selection 
rules and the diagonal monodromy ()4.9dj) of x guarantee the diagonal monodromy ()2.21|) 
of g. 

We may also introduce the moment expansions of the untwisted vielbein e and the 
twisted vielbein e 

oo 

e(xV = e i>h...i m a x h ■ ■ ■ x im (4.39a) 

m=0 

(icVfaV 1 • • • (" A ),. J - V = e i4l .. Am a (4.39b) 

oo 

&{x)n(r)iJ, ^ ^ = ^ ] £n(r)Lt,n(ri)ni...n(r m )n m ^ %J~ ~'' X J" ^ (4.39c) 

m=0 

where the if- invar iance ()4.39b|) of the untwisted vielbein moments follows from the auto- 
morphic responses (j4~29d|) and (g~32Ej) of x and e. Then, we may use f)4.1()aj) and ()4.3(icj) 
to obtain the twisted vielbein moments as an infinite set of duality transformations 

/ m \ 

c n(s)v — 1 tj i f T~ T jj ij | a (TT^\ n i s ) v (A A(X\ 

c -n(r)fj,,n(r 1 )fj, 1 ...n(r rn )iJ, m — Xn(r)fiX n ( s ^ u n(r)^t I J[ J_ Xn(rj)nj u n(rj)nj I e i,u...i m l 1 - 7 Ja I^.^UJ 

V i=i / 

which express the twisted moments in terms of the untwisted moments. Similarly, we may 
use Eqs. (14.39bjl . (jOOjl and both iJ-eigenvalue problems (|2~2|) and (jOj) to obtain the 
selection rules for the twisted vielbein moments: 

£n(r)/*,n(n) W ...n(r m )Mm (! ~ ^n(r) (c)*#n(n) (<t)* ■ • • E n (r m )(o)* E n ( s )(a)) = (4.41a) 
£n(r)[i,n(r 1 )fj, 1 ...n(r m )[i m ^ ^ ^ $n(r)— n(s)+^^ =1 n(ri),Omod / o(cr) • (4.41b) 

As expected, these selection rules and the diagonal monodromy (|2.24c|) of guarantee 
the diagonal monodromy (|2.27b|) of the twisted vielbein, and similar moment expansions 
lead to duality transformations and selection rules which guarantee the monodromy of e(x). 

We remark in particular that the duality transformations ()4.4()j) and the untwisted 
boundary condition ()4.29a|) imply 

e(0)i a = d a = 5i a (4.42a) 
e(0) n(r)/ ^ = 8 n{r) n ^ = S(0) n(r) ^ = Xn { r),x-l )u U n(r) ;e^)nuX {s)u = Sn(r)2 is)u (4.42b) 
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so that the preferred twisted coordinate system x = (3, e(0) = 1 chosen in Subsec. 2.4 is 
the orbifold dual of the preferred untwisted coordinate system x = (3, e(0) = 1 chosen in 
Eq. ()4.29j) for the symmetric WZW model. 

Using ()4.29aj) . (|4.33d|) and ()4.36c|l . the vielbein, the eigenvielbein and the twisted viel- 
bein can also be evaluated in closed form 

e(s)i a = e(0), 6 y(x) = xWTr J , e(0) = 1 (4.43a) 

£( x ) = ^r> y(x) = x^(^(x))^V 1 = x"^r n(r)M (T^), £(o) = i (4.43b) 

^) = 4tp ^(0) = ^ r> (0^»(r)/.(T a *',a), e(0) = l (4.43c) 
in agreement with Eqs. ()2.34|) and ()2.35|) . 

Finally, the canonical form (|2.39|) of the twisted currents follows by local isomorphisms 
from Bowcock's untwisted canonical form 



J o (0 = 27re(x(£)) a i Pi (B, f) + ±dsx i (Qe(x{0) i b G ba (4.44a) 

J o (0 = 27re(x(0). i Pi(S, - U^\OK<i))"G ba (4.44b) 

P<(5,0 = Pi(0 + ^B t3 (x(0)d^(0 (4.44c) 

diB jk (x) + d j B ki (x) + d k B ij (x) = -iTr(M(fc,T) ei (a;,T)[e 3 -(x,T),e fc (x,T)] ) . (4.44d) 
To see this, one checks first that the eigencurrents J , J have the same form 

Jn(r)n(£,t, a) = 2TlS^ 1 {X(C))n{r)^ n{ '^ U 'P n { s ) v {B,C) 

+ i^X n ( S )^(X(0)n(,), nW ^n( t)5 ;n(^(^) (4.45a) 

jn(r)n(€,t,a) = 2n£' 1 {%(^)) n{r) ^ s)u 'P n [ s ) u {B^) 

-^ ? X"( s )^(X(0)„ (s ), nW ^„ W5; „( rV (^) (4.45b) 

V n{r) ,(B,0 = K(^(£) + ^B„ (r)M;n(s) ,(X(0)^X"( s > (4.45c) 

when rewritten in terms of the eigenfields X, T 3 , £, B and £>, and then the principle of local 
isomorphisms gives the canonical form of the twisted currents in Eq. ()2.39|) . Similarly, the 
familiar coordinate-space form of the untwisted WZW currents 

J o (0 = ^d + x\0e(x(0h b G ba , J a (0 = ^_x l (Oe(x(0)i 6 G 6a (4.46) 

leads directly to the coordinate-space form of the twisted currents in Eq. (|2.fi8j) . 
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4.6 Example: The General Coset Orbifold 



The general coset orbifold action [20] was obtained by gauging the general WZW orbifold 
action by general twisted gauge groups. In this section, we will use the general coset orbifold 
action to find the specific form of the sigma model orbifold action (|4.9|) which describes the 
general coset orbifold. 

The general coset orbifold A g / h (H)/H has been discussed at the operator level in 
Refs. jU |2D1- In these orbifolds A g/h (H) is any coset construction □ E0J QH] with 
a discrete symmetry group H, and the untwisted coset construction is mapped by local 
isomorphisms to the twisted coset constructions of the orbifold 

f = f W = im - ITT- * = 0,...*.-l (4-47) 
h h h(H) ° fj(V) 

where fy(er) C$j(cr) are the twisted affine algebras of sector a. 

At the classical level, the corresponding orbifold Lie algebras h(a) Gg(a) of the coset 
orbifold 

fi(er) q(a) 

«-> 4.48 
h(a) %) 

are used to label the general coset orbifold action 
S^ )/H(T) [M,g,A ± }= (4.49) 

= S m [M,g\ + ^ TV^^^^i.) -ik+d-gg- 1 -g^A+gA- +A + A_)) 

which describes sector a of the general coset orbifold A g /h(H) / H. Here g, M. and S g ( a ) [M., g] 
are respectively the group orbifold element, the twisted data matrix and the WZW orbifold 
action ((ZZZj for sector a of the WZW orbifold A g (H)/H, while {i±} with [A±, M] = 
are the twisted matrix gauge fields valued on the orbifold Lie subalgebra h(a) Gg(a). The 
general coset orbifold action reduces in the untwisted sector a = to the ordinary gauged 
WZW action [41-45] for A g /h(H). Many other properties of this action are discussed in 
Ref . [20] > but we note here only that the general coset action has trivial monodromy under 
the field monodromies 

g(T, £ + 2vr, t, a) = E(T, a)g(T, £, t, a)E(T, a)* (4.50a) 

A±(T, £ + 2vr, t, a) = E(T } <r)A±(T, £, t, a)E(T, a)* (4.50b) 

as well as a general twisted gauge invariance. Our task here is to integrate out the twisted 
matrix gauge fields {A±} to find the equivalent twisted sigma model form of the general 
coset orbifold action. 



47 



We begin by reminding the reader that the twisted f)(<r) currents Jn( r )p, and the twisted 
representation matrices T^m/i of the orbifold Lie subalgebra h{a) have the form 



Jn{r)(i{i, t, a) = -R r (a)/ Jn( r )v(£, t, ex), Vn(r), ft e h(a) C g(a) (4.51a) 

V)a( T « °") = Rr(cr)^r h{r)ll (T, a) (4.51b) 

i±(T, f , t, a) = Af ] \^ t, a)T ft(r)A (T, a) G fe(tr) (4.51c) 

{n(r)} C {n(r)}, dim{/t} < dim{/i} (4.51d) 



where J„( r ) M are the g(cr) currents, are the twisted representation matrices of the 

orbifold Lie algebra g(cr), and R{cr) is the embedding matrix 010120] of the twisted affine 
subalgebra f)(er) Cg(a). With Ref. [2H] we emphasize that the twisted affine algebras and 
their corresponding orbifold Lie algebras 

fe(')> JjbwO)] = ^Sto^fiwC') + Gs(*) — * [%).%)] = ^60)^0) (4.52a) 

[%)(•)> = + > [%).%)] = i:F h(a) r h(a) ( 4 ' 52b ) 

share the same twisted structure constants ^(o-) and 
We will also need the definitions 

Qn(r)^h{s)u{ a ) = Tr {M(T, a)7^( r ) M (T, a)T h ^0(T, a)) 

= R s {(T)v V Gn{r)^h(s)u{0') = Rs(&)i> 1 ' Gh(s)v;n(r)p{v) = Gh{s)C>;n{r)fi(v) (4.53a) 

= R r (a) ^ R s {a)i, V 'Gh{r)p;h{s)yi. a ') = Gn{s)v;h{r)p.{v) (4.53b) 

^n(r)/i;n(s)!/(c r ) = ^n(r)+n(s),0 mod p(a)Gn(r)fa-n(r),v{P) (4.53c) 
Gh{r)p;h(s)v{&) = ^n(r)+n(s),0 mod p(ir)Gh(r)p,\-h(r),£> (°0 (4.53d) 

Q(f)n(r)A n( ^ = ^r(^)A^(^)n(r)M" (S> ) «(z)ft( r )fcft(.)i> = ^(x)n( r ) A " W ^n(*)5 ; n( S ) S (^) (4.53e) 

where -M(T, a) is the twisted data matrix in ()2.1()j) . Gy^ — {Gn(r)p,;n(s)p( cr )} is the induced 
metric on the twisted affine subalgebra fy(er), and (l is the twisted adjoint action in ([2.28)1 . 
The induced metric is invertible in the h(a) subspace [5] 

^n(r)A;n(t)5( (T )^" ( * )<5;n(S)i '( (T ) = ^"^W-^^.Omod p(a) (4.54) 

when the original iJ-symmetric coset construction | (H) was a reductive coset space. 
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Following the conventional procedure, we may integrate out the twisted matrix gauge 
fields by solving their equations of motion: 

fr {M (-id-gg- X ~ M-F 1 + A_) T A(r)A } = (4.55a) 

fr{M (-i^d+g - g^A+g + % {r)ix } = 0, \/n(r),fi eh(a) . (4.55b) 

After some algebra, we find that sector a of the general coset orbifold A g /h(H)/H is de- 
scribed by the twisted sigma model action ()4.9j) with twisted Einstein metric G and twisted 
B field B: 



wzw 

) 

n(r)/i;n(s)u 



G(x) + B(a) jt,^.)!/ = + 5 Wj 

-2(g(^ r )/<*>%^ (4.56a) 



^ft(r)/i;ft( 8 )i)(s) = %)/i;n( 8 )i)(i, 0") = (^((j) -0(f CT , Cr))ft( r )/i ; a( s )i>, <J = 0, N c - 1. (4.56b) 

The matrix X(x) in ()4.56b|) is invertible in the h(a) subspace because Gn(r)p.-,n(s)v(o) is 
invertible. This set of twisted sigma models should be considered in a fixed gauge such as 

= fr (Mxy S> (U)Tn(s)„Tn(r)(i) = X<'> ' (U)Gn(s)u;Hr)^) 

= x^ r >^, *)S« (r>; - ft(r ), A (<7), Vn(r), A e Ma) (4.57) 

where we have chosen x = /?, as above. 

The general forms of other twisted tensors can be obtained in these twisted coset sigma 
models, including e.g. the separate forms of G and B and the twisted Riemann tensor of G, 
but we refrain for brevity from doing so here. Using the coset orbifold examples discussed 
in Ref. [20 j, it is also straightforward to work out the twisted Einstein tensors explicitly 
for a large number of special cases. The contribution of the orbifold dilaton in the coset 
orbifolds is included in the discussion of the following subsection. 

4.7 The Twisted Einstein Equations 

It is well-known [21-26] that the general nonlinear sigma model Am in (j4.1|) is 1-loop 
conformal when the sigma-model Einstein equations 

Rij + \H kl l H k lj - 2V i V,0 = 0, (V fc - 2V fe 0)#^ = (4.58) 
are satisfied, where is the dilaton field. 



49 



Using eigenfields and local isomorphisms (see below), we have been able to find a set of 
twisted Einstein equations in sector a of each sigma model orbifold A M (H)/H 

A»(r) W nM*(£) + ^n(i)i;n(r)/ (u)£ (l) H n(t)S n{u)e . n(s> {x) - 2 V n(r)/i V n ( a ) v 0(x) = (4.59a) 

( V"W 5 - 2V"« 5 0(x) ) ff n(t)Mr)A4inWl/ (£) = 0, a = 0, . . . , iV c - 1 (4.59b) 

£ = R(x) = R(x a ,cr), H(x) = H(x a ,a), (f)(x) = 4>(x a , a) (4.59c) 

which are satisfied when the Einstein equations 1)4.58)1 hold in the symmetric sigma model 
A M (H). Here x are the twisted Einstein coordinates, H(x) is the twisted torsion field 
()4.9c|) . and <p{x) is the orbifold dilaton. Moreover, it turns out that all the twisted tensors 
in ()4.59j) are constructed in analogy with the usual untwisted Einstein tensors, following 
the duality algorithm [3J |3| 

i — ► n(r)fjt, x i — ► x^, di — ► d n(r)fU V; — ► V„ (r)M (4.60a) 

(JOG a 

Gij(x) — G n{r)fl . n(s)v (x), G^(x) — G n(r ^ n ^(x) (4.60b) 

(7 a 
Tij fc (x) > f n (r)n;n(s)v n ^ & Rijkl{x) > R n M /j,;n(s)u;n(t)5-,n(u)e(£) (4.60c) 

where, as above, the indices n(r),fi are the spectral indices and degeneracy labels of the 
Einstein-space if -eigenvalue problem ()4.4|) . For example, one finds that 

H n{r) , Ms)u n{t)5 (x) = 4w tt n( s ), ;ti ( u ) £ (i)G n(,i)£;nW ^) (4.61a) 

f n{r)ii;n{s)u n ^ 5 {%) = ^ ( ^(n(r)^n(s)i/);n(ti)e (#) — ^n(u)eG f TV ( r .) M;n ( s ) i ,(x) ) G m (") e > n (*)< 5 (£) (4.61b) 

where T is the twisted Christoffel connection, and all indices in ()4.59)) are raised and lowered 
with the twisted Einstein metric G. and its inverse G*. Other examples include the twisted 
Ricci tensor and the covariant derivatives of the orbifold dilaton 

Rn{r)^;n{s)v{x) = ^n(r) W n(s)i/;n(()i;n(i I )e(i)G !n ' i '' 5, ' !( ' i ' e (£) (4.62a) 

0n(r)At(£) = V n(r)jU 0(£) = d n ^^(x) (4.62b) 
^ n{r)^n{s)u{x) = d n (r)p<f>n(s)u(£) ~ f „( f .) M;n ( s ) I , rl( * ) ' 5 (x)0 n ( t ) ( 5(x) (4.62c) 

where the four-index symbol in ()4.62aj) is the twisted Riemann tensor - constructed in the 
usual way from f . 

In this development, we also obtain the diagonal monodromies of all the twisted fields, 
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including the monodromies of G,, B and H in Eq. (|4.9jl . and for example: 

£ n(r)M^ + 27r ) = x n(r) ^(Oe 2 "^ (4.63a) 

i(x(£ + 2tt)) = L(r)Mt + 27 0) = e- 27r4 ^T0 n(r)At (x(O) (4.63b) 

V n ( r ) M n ( s)i ,(x(£ + 2tt)) = P(CT) V^j^^O) (4.63c) 

^W*)"^^ + 2tt)) = G n(r)/i;n(s)l, (x(0)e (4.63d) 

f B ( r)w „ Wl/ n(t) '(x(e + 2tt)) = e -^" M+ ; ( ir n(t) f n(r)/ , ;n(s) ^W 5 (x(0) (4.63e) 

n- T -; "( r )+"( 3 )+"( t ) + "(") * 

-Rn(r)/i;n(s)i/;n(t)<5;n(ii)e(£(£ + 27r)) = C f( CT > -Rn(r) M ;n(s)i/;n(t)<5;n(«)e(£(0) (4.63f) 

flnW^nW^^? + 2?r)) = e" PC) i?n(r)/.;n(s)„ (£(£)) ■ (4-63g) 

Moreover, as given for G.,B and H in Eq. (j4.1()jl . we obtain the explicit forms of all the 
twisted Einstein tensors, including: 

j>(x)=<l>(x->X(x)) (4.64a) 

(J 

G^Ms) %£) = tf r)it x$ a> G»(x-+ X(x))(U^^(U^ s > (4.64b) 

f nir^Ms^ix) = Xnir^Xn^uX-^sUn^Un^jY^ix^ X(x))(U% n ® 5 (4.64c) 

R n(r)[i;n(s)u;n(t)6;n(u)t{ x ) (4.64d) 
Xn(r)fj,Xn(s)fXn(t)5Xn(u)e 
Rn(r)n;n(s)v(%) = Xn(r)^Xn{s)vU n (r)^U n ( s )J (RijklG kl )(x^ X(x)) (4.64e) 

U n{rh l = U(cr) n{r) ,\ (tf)^ = U\a)^, Mr)lt = X (a) n(r)ll . (4.64f) 

In these results, the quantities X(x) are the coordinates with twisted boundary conditions, 
whose explicit form is given in Eq. (|4.10ajl - so that once again each twisted tensor is 
completely determined as a function of the twisted coordinates x, given the coordinate 
dependence of the untwisted Einstein tensors. As in Subsec. 4.4, selection rules which 
guarantee the indicated monodromies can be obtained for the moments of each twisted 
Einstein tensor. 

The derivation of the results above proceeds as follows: In Eq. ()4.2|) we specified the 
automorphic response of the untwisted objects x,G,,B and H. From these transformations 
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we easily deduce the automorphic response of all the other tensors in the symmetric sigma 
model. The conclusion is that all objects in the symmetric theory transform under the 
symmetry group H with a factor w on the left for a down index and a factor of on the 
right for an up index. For example: 

G i \x)' = G ij {x') = G kl {x){w^) k i {w^ l j , V/ = Wi j V 3 (4.65a) 

iy (X)' = T i0 \x') = w i p w j g T pq s (x)(w^) s l , <t>{x)' = <f>(x') = <j){x) (4.65b) 

Rijki{x)' = Rijki(x') = w/w k k wi l Ri>fk'i'(x) • (4.65c) 

This tells us that the corresponding eigenfields should be defined with a factor yU or x 
for each up or down index respectively. It is then straightforward to verify that the Einstein 
equations have the same form in terms of the eigenfields as they do in terms of the original 
fields, although the indices i — > n(r)/j, of the eigenfields are now different. Then the twisted 
Einstein equations ()4.59j) and the explicit functional forms ()4.64|) of the twisted tensors 
follow by local isomorphisms. These explicit forms can also be used to check directly that 
the twisted Einstein equations hold when the untwisted Einstein equations are satisfied. 
Local isomorphisms also tell us that each twisted down index carries a monodromy e~ 
and each twisted up index carries a monodromy e n *5, so that objects which are scalars, 
such as the orbifold curvature scalar R and the orbifold dilaton 0, have trivial monodromy. 

The twisted Einstein equations (|4.59|) are almost certainly the condition that twisted 
sector cr of a sigma model orbifold is conformal, but a direct check (a one-loop computation 
using the orbifold sigma model action S^ LS in (|4.9J) ) is necessary to be absolutely sure. 
This situation is analogous to that of the general orbifold Virasoro master equation [21 EJ IS] 
which follows from local isomorphisms, but which also needed a direct check of the Virasoro 
algebra using orbifold OPE's. It is expected that this check will go through for the sigma 
model orbifolds because (as seen for the general orbifold Virasoro master equation) the 
short- distance singularities in the untwisted and twisted sectors differ only by the duality 
algorithm (j4.60J) . 

Finally, it would be interesting to study possible transitions among the N c orbifold 
sectors (space-times) induced by the existence of twist fields. 

Acknowledgements 

For helpful discussions, we thank O. Ganor, N. Obers, C. Park, E. Rabinovici, F. Wagner 
and J. Wang. 

This work was supported in part by the Director, Office of Energy Research, Office of 
High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Depart- 



52 



ment of Energy under Contract DE-AC03-76SF00098 and in part by the National Science 
Foundation under grant PHY00-98840. 



A Rescaled Group Orbifold Elements 

To begin this discussion we recall the forms of the twisted structure constants and the 
twisted representation matrices ^1] 

Fnir)^)^ 6 ^) = X(ff)„( r ) At X(^)n(s) l /X(^)^) ( 5^(o")n(r) M a f/(o-) ri ( s ) i , b fabU\o)" ^ (A.la) 

r n{rh (T, a) = x {a) n{r) JJ{a) n{r)ll a U{T, a)T a U\T, a) (A.lb) 

where U^{a) and W(T,a) are the eigenvector matrices of the if -eigenvalue problem (|2.2j) 
and the extended if -eigenvalue problem ()2.6|) respectively. The x's are the standard nor- 
malization constants in Eqs. (j2.3|) . (|2.5|l and (|2.42jl with x(c = 0) = 1. 

In terms of these objects we may define the rescaled group orbifold elements g 

g(t, C, a) = X (T, a)g(T, a) X (T, a)" 1 = e *5 (r *<0*»M,P>) = £) (A .2a) 

%i(r)n(T, ct)n(s)v N ® S = x(T,a) N ^ s ) u x(T,<y)^ s % l ^ ll (T,a) N ^) u N ^ 5 (A. 2b) 

[%,{r)iJ.(T, a),T n ( s )„(T, a)] = iJ 7 n ( r )^n(s)u n ^ S (^)%,(t)s(T, a) (A.2c) 

X(T, O )N(r)p N{ - S)V = 8N(r)n N ^"x(T, CT )jv(r)jtt (A. 2d) 

g(f, £ + 2n, a)) N{r) ^> = e -*&™- N ™g{t, 6 *W)/ (s) ' (A.2e) 
0(T, £, a) = X (T, a)-^(T, £, <r) x (T, a) (A.2f ) 

where g is the group orbifold element, 7~ n ( r ^(T,a) are the rescaled twisted representation 
matrices and the quantities x(T, cr) are another set of normalization constants which satisfy: 

X (T, 0) = 1, x (T adj , a) n{r)lx = xi'Ur)? ■ (A.3) 

The special case {7^( r ) At (T ctdj , a)} appears in Eq. ()2.34jh where we have already encountered 
an example of the rescaled group orbifold elements, namely the twisted adjoint action Cl: 

= e~ & ^ = e -^ (r) "(0U)^,a) = r i(r(T-*-), a) (A.4a) 

i (4(r)^(^)) ^(x) = e(x) n(r) /^^T n(s) ,(T^, a) . (A.4b) 

Although the rescaled quantities g and T are quite natural from the point of view of 
Eq. (jA.4[) . we have refrained from using them in the text because the unitarity of the 
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rescaled group orbifold elements depends on the choice of the normalization constants 
x(T, a). In particular, using the unitarity of the group orbifold element g, one finds that 

~g\f,Z,a) = (xiT^HT^rr'g-'CT^^^xiT^HT^)*) (A.5) 

so that the rescaled group orbifold elements g are unitary only when xx* ^ 1 • 

Nevertheless, all the classical results of WZW orbifold theory can be rewritten in terms 
of the rescaled quantities, for example, 

S a (f) = S a (T(f)) =~J d 2 tfr(M(f, a)~g- l {T, a)d + g(f, a)g-\t, a)d-g{t, a) ) 

-^Jjr(M(f,a)(g- 1 (f,a)dg(f,a)) 3 ) (A.6a) 

M{f, a) = X (T, a)M(T, a) x (T, a)" 1 (A.6b) 
{J n (r)^,o-),g(f,rj,a)} = 27rS nir )(^-rj)g(f,T],a)f n ^) l ,(T,cr) (A.6c) 

{Jn(r),i(€,(T),g(T,V,(T)} = -^^n(r) (f ~ rj)f n{r)ll (T , a)§(f, 7], a) (AM) 

<W£, a)g n(r) »'- n(r) '"(a)f-n(r)AT, <r) = -^(f, & a)d + g(f, £, a) (A.6e) 
Jn(r)^, a)G n ^- n ^(a)f. n{r) AT, a) = - % -g(f , £, <r)d-g-\?, £, a) (AM) 
where we have used Eq. ()A.2b|) and the inverse relation (jA.2fj) . 

B Twisted Affine Lie Groups 

In Refs. |31| I3U|. the method of affine Lie groups was used to obtain both quantum and clas- 
sical canonical realizations of the left- and right-mover currents of any untwisted affine Lie 
algebra. In this construction, the modes of the currents are identified as the reduced affine 
Lie derivatives on the affine Lie group, and this quantum canonical realization generalizes 
Bowcock's [3 9 4 classical canonical realization. 

In what follows we will work out the extension of this method to the case of twisted 
affine Lie groups, which gives the quantum and classical realizations of the general left- 
and right-mover twisted current algebra discussed in the text. The results of this appendix 
were obtained in collaboration with C. Park. 

We begin with a set of abstract modes E which satisfy the general twisted current 
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algebra g(a) in Ref. [S] 

[jWm + £„ {s> (n + $})] =^ (r)/i;nW / W+,l(s) -V)K W+ n( s ),^ + n + ^gW) 

n(r) ■ 



where J-"(cr) and Q(a), given explicitly in Eq. (|2.3jl . are respectively the twisted structure 
constants and twisted metric of sector ex. 



By including the central term among the generators, the algebra (jB.ljl can be recast as 
an infinite-dimensional Lie algebra 

&m\ = lm^ n (B.2a) 
£ L =(E n{r) ,(m + ^),l), L = ((n(r)v,m + ^),y*), 4 = 1 (B.2b) 



/ \ i n(r) / \ i nisi ' * ' — w , . niri-t-ms) 

n r)u,rrH — U:n s v.iH — ^4 m+n—p-\ — — tM- 



^ ( ^n(t)5,p+ p((T) _ g ,(r)+n(,j- n (t) Q FnMfiinMv"'® 6 W ) (B.2c) 



(r)M)m+ IiW. n{s)i/)r ^nM 2/ * = ,Q gn(r)wn( a ) y (<T) (B.2d) 

V p(ct) ' V I ' 1 p(o-) rK p(o-) ' 



whose non-zero structure constants are given in (|B.2cj) and ()B.2d)) . The elements 7 of the 
corresponding twisted affine Lie group are defined as 

7 = e^(x(t)), $(x(t)) = exp(ix n ^'^(t)E n{rh (m+^)) (B.3a) 

r (r)±p(,) )WmT l + ^M {t) = (t) (B 3b) 

e(0)/ = --e(O)/ = 5> (B.3c) 

where x(t) are the twisted mode coordinates at time t, the coordinate y corresponds to the 
central term and ip(x(t)) is the reduced twisted affine Lie group element. Here we have 
chosen the preferred coordinate system ()B.3cj) on the affine Lie group, where e(0) = 1 is the 
twisted mode vielbein at the origin (see below). This choice ultimately guarantees that the 
local operators of the construction have definite monodromy. More generally, the twisted 
mode vielbeins are defined as 

d 

h = ~iT l d L l = e L M£ M, h = -il^a' 1 = k M£ M> d L = ^7T ( B - 4a ) 
e = e(t), S=t(t), d L = d L (t) (B.4b) 

in terms of the elements 7 of the twisted affine Lie group. As seen in (|B.4b|) . we often 
suppress the fixed time label t. 
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The method of Refs. [211120] then gives the general twisted current modes as the reduced 
twisted affine Lie derivatives 



Jnir^m+^t) = -i{r\^ tn ^^^V n ^ (B.5a) 
4(^(m+^,t) = -iie-\ {r) ,^ {s)v ^% {s> ^ (B.5b) 



^n(r)n,iM^^ ^n(r)n,m{^j * ^n(r)/x,m+^ (B.5c) 

^n(r)/i,m+^ — ^Wf;™^! * (B.5d) 

^(w+^.^C^C*)) = ^(*))4(r>(m+2g) (B.5e) 

= -^ WM (m + ^)^(x(t)) (B.5f) 



which provide a differential realization (at fixed £) of the general left- and right-mover 
twisted current algebra in Eq. (|2.ip . The sign reversal of the right-mover central term in 
(12. lj) is in fact completely natural from the viewpoint of affine Lie groups (see Eqs. (2.12) 
and (2.13) of Ref. |30j) and twisted affine Lie groups. Indeed, this derivation of the general 
twisted current algebra provides us with a third independent derivation (see Ref. ^1]) of 
this sign reversal. 

Following Ref. [20], we also find the equivalent B form of the twisted current modes 

a / \ -, / \ . n(s) ^ -s -s 

4),(™ + ^) = -^-\ (rV ^ (B.6b) 
T> . . . „(r) (B) = d , s , nM (B.6c) 



* / \ i n(s) /,\ r- , n(t) / \ . n(u) * 



<7* 



5 



^ (r)M , m+ IiM ;n(s) „, n+ l!«( CT ) = ^ m+n+ "M+"C> , gn(r>;n(s> (<?) (B.6f) 
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where B in (jB.6e|) is a mode form of the relation ()2.36|) for the local field B of the text. 
Evaluating this result in the untwisted sector* 3 , we find some typos in Ref. [3U]: The second 
(barred) equations in (2.30a), (2.33a), (3.6), (4.6a) and (4.31a) of that reference should all 
appear with instead of tl. Also, the right hand sides of Eqs. (4.22a,b) should have an 
extra factor -1. 

As discussed in Ref. [3U], we may also define twisted local fields on the cylinder as the 
sums of the twisted modes above: 

J n(r)M (e,t) = £V i(mf ®« Jn(r)„(™+=$,*) (B.7a) 

m 

Mrfr&t) = E^^Kj^ro+^f) (B.7b) 



x n < r >"(£, t) = J2 e^—^x^ 17 ^ (t) (B.7c) 
m 

p n(r) JZ, t) EE \ ~ j^-rr ■ EE -±- V e^^^d , . - W (t) (B.7d) 

[p n(r)M (e,t),3; ra(s ^(r/,t)] = -i5 n{r) < s >5 n{r) {i - rj) (B.7e) 



. , r — - -/ . n(s)— n(r) \* / \ . n(s) 

e(*(U)W)^ EE "^^(*)»(rWm^ W V " G Z ( R7f ) 

* V )fl p( CT ) 

t)) n(rMs> ee £ e^^ 1 ^^^^) ^ ; VnGZ. (B.7g) 

' V ! p(a-) p(ct) 

m 

Here 5 n (r)(£ — ^) i n (|B.7e|l is the monodromy factor (j2.14j) of the text, and, as noted in 
Ref. [SHI, the expansions (B.7f,g) are independent of the integer n. The time dependence 
of the twisted current modes 

U)M+7$,t) = ^ iim ^ )t U)M+^) (B-8a) 
= e (m ^ )t Jn(r ) ,(rn + ^) (B.8b) 

follows from the operator WZW orbifold Hamiltonian H a = L tT (0) + L (T (0), where L a (0) and 
L a (0) are the zero modes of the left- and right-mover twisted affine-Sugawara constructions 

* 3 For a = and simple g, our results can be compared to those of Ref. [HOj (with E <-> J) in the special 
coordinate system ei M am (0) = 5i^ am where am ~ i/i. We find that our £? field is identified with — kB 
in that reference, and moreover our quantities y, , (e~ 1 )i fl y , fJam 1 ' and (fl~ 1 ) am y also contain an 
extra factor of k. 
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in Eq. (|2.42jl . The time- independent modes in (jB.8|) are the twisted current modes of the 
text. 

Using (jB.6|) and the mode expansions (jB.7|) . one finds the operator analogue of the 
local canonical realization (J2.39)) with the same forms 1)2. 35|) . (J2.36)) for e, B and the same 
operator ordering shown there 

Jn(r)^, a) = 2ne-\x) n{r) ^ 5 p n{t) s(B) + i^W 5 e(x) n(t)5 n ( s ^6? n(s) , ;n(r) ^a) (B.9a) 
Jn(r)»(£, <t) = 2nr\x) n(r) ^ t)s p n(t)5 (B) - ^^x^*) <5 l(f)„ (t)l 5 n ( s )^ n(s)i ,. n(r)/i ( ( 7) (B.9b) 

Pn(r)^B) = p> n{r)lt + j-B n{r ^, nis)v (x)d^ s >, a = 0,...,N c -l (B.9c) 

IP^&tl^M] = -i5 n{r) < s >5 n{r) {i - rf) (B.9d) 

\Pn(r)^,t),r n{s> (v,t)] = [x^^,t),x^ s >( V ,t)} = (B.9e) 

but here the twisted momentum operator & r w(£>£) is the functional derivative in (JB.7dj) . 
This operator construction satisfies the equal-time (operator) twisted current algebra (J2.12|) . 
and the classical realization ()2.39|) of the twisted currents is obtained by replacing operator 
p above by classical p. 

C The Commuting Diagrams of Orbifold Theory 

In this appendix, we point out that the commuting diagram given for the left-mover currents 
J in Ref. [3] can be extended to all the fields of orbifold theory. 

Including the right-mover currents J, the commuting diagram of this reference takes 
the form: 

(J, J) X U(J,J) = (J,j) (J, J) 
. I . IK , 

(J, 3) xU(J, ~3j = {J,J) (J, J) 

Each vertical double arrow is a local isomorphism 
J, J — currents: trivial monodromy, mixed under automorphisms 
J , J = eigencurrents: trivial monodromy, diagonal under automorphisms 
J, J — twisted currents with diagonal monodromy 
3 ', J— currents with twisted boundary conditions 

Fig. |2J Currents and orbifold currents 
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In particular, the fields connected by vertical double-arrows are locally isomorphic, that is, 
they have the same OPE's - but the automorphic response of the unhatted fields becomes 
the monodromy of the hatted fields. The method of eigenfields and local isomorphisms 
[H El El E] follows the dashed line in this figure to obtain the twisted currents J, J with 
diagonal monodromy. For example: 

J a (0' = u(h*) a b Jb{0 (C.la) 

n(r) 

Jn(r)^, 0-) = x(< (r) ^(o%( r) /J a (£), Jn(r)^, <?)' = C^^) J n(r) ^, °) (G.lb) 

Jn(r)n(£ + 27T, 0") = e ^ J n (r)n(L <?) • (C.lc) 

It is also possible to proceed in the other direction J — ► J — > J around the commuting 
diagram, in which case we encounter the left- and right-mover currents J7", J7with twisted 
boundary conditions 

J a {t + 2tt, a) = w(h a ) a b J b (Z, a), J(£ + 2tt, a) = w(^) 6 a) (C.2a) 



tT) = f/ t (^)a n(r)M x(-); ( 1 r) ,4MM(e, Or) = E^W.^xW^^Ce, (C2b) 

■4(r)/x(£, CT ) = x(cr) n(r)At f/ (cr ) n (r)p a Ja{€, tr), J n ( r ) M (£, & ) = X(o") n (r)/x^ (°" )n(r)/ ° ) (C.2c) 

where E^(a) is the eigenvector matrix of the if -eigenvalue problem (|2.2jl of sector cr. We 
emphasize that jf, jThave a matrix or non-diagonal monodromy and, according to (|C.2cJ) . 
the monodromy decompositions of jf, J7give the twisted currents J, J with diagonal mon- 
odromy. 

Similarly, the commuting diagram for the unitary group elements and group orbifold 
elements is 

g UgW = 5 S P W f = b b 



Each vertical double arrow is a local isomorphism 
g = Lie group elements: trivial monodromy, mixed under automorphisms 
S = eigengroup elements: trivial monodromy, diagonal under automorphisms 
g = group orbifold elements with (two-sided) diagonal monodromy 
S = group orbifold elements with twisted boundary conditions 

Fig. EJ Group and group orbifold elements 
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where we have included the commuting diagram for the corresponding tangent-space coor- 
dinates: 

Here T„ and T n ( r ^(T, a) are the untwisted and twisted representation matrices respectively, 
whose adjoints are discussed in App. D. 

Again, the method of eigenfields and local isomorphisms JT] follows the dashed line in 
Fig- El the automorphic response of g(T,£,t) is given in Eq. (|4.28ajh the eigengroup ele- 
ment S(T, £, t, a) appears in Eqs. ()4.33a|) . ()4.34a|) of the text, and the (two-sided) diagonal 
monodromy of g is given in Eq. (j2.21|) . One may also follow the path g — > § — > g, where 
5(T, £, t, a) is the group orbifold element with twisted boundary conditions 

S(T, f + 2tt, a) = W(h a , T)S(T, £, a)W\h a] T) (C.4a) 
S(T, £, a) = C/t(T, ^(T, e, a)f/(T, a), $(T, £, = C/(T, a)S(T, £, a)W(T, a) (C.4b) 

where W(h a ; T) is the action of h a £ H <Z Aut(g) in matrix representation T and U^(T, a) 
is the eigenvector matrix of the extended if -eigenvalue problem (|2.f)jl . Again, we emphasize 
that § has matrix monodromy and the monodromy decomposition (jC.4bjl gives the group 
orbifold element g with (two-sided) diagonal monodromy. Examples of the fields S were 
useful in the discussion [12] of the charge conjugation orbifold on su(n). Except for the 
monodromies jllj . the commuting diagram in Fig. El applies as well to the affine primary 
fields g, S and the corresponding twisted affine primary fields [11-14] 5,g of the WZW 
orbifolds. 

For the tangent-space coordinates /3, b and their twisted counterparts b,/3, the method 
of eigenfields and local isomorphisms begins with the transformation property (j4.28b|) of 
the tangent-space coordinates (3 and gives 

b™^(£, t, a) = x{a) -l r) ^ t)U\a) a n ^, S(T(T, a),£, t, a)^'^^^^) (C.5a) 

n(r) 

b n(r) ^,t,cx)' = b n{r)tM (£,t,a)E n{r) (ay = b n ^(£, t, a)e m ^ (C.5b) 
b n{r ^(Z, t, a) — ► /3 n(r ^(e, t, a) (C.5c) 

a 

n(r) 

/3 n W"(( + 2tt, t, a) = (3 n ^{£, t, a)e p& (C.5d) 

where b is the tangent-space eigencoordinate and (3 is the twisted tangent-space coordinate 
with diagonal monodromy. Following the other path around the diagram, we encounter 
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the tangent-space coordinates b with twisted boundary conditions 

b\£ + 2vr, a) = a)w\K) b a , §(T, £, a) = W. (C.6a) 
^(0 = xW^^Ce, <T)U(vUr)S &"(£, a) = x(a) n(r)M /H r >(£, a)C/( ( 7) rl(r) / (C.6b) 

$(T,£,a) = £/(!» ^(r,/3(0)| g = e^te^-w^) (C . 6c) 

pn(r)^ a) = ^ a)f/t (a)a «M, x((T) -l ^ (C . 6d) 

and the monodromy decomposition ()C.6dj) of b gives the twisted tangent-space coordinates 
(3 with diagonal monodromy. 

For the Einstein coordinates and their twisted counterparts, we have the commuting 
diagram 

x x ' l xW = X X 



X x" 1 ^ 1 " = x x 

Each vertical double arrow is a local isomorphism 
x = coordinates: trivial monodromy, mixed under automorphism 
X = eigencoordinates: trivial monodromy, diagonal under automorphisms 
x = twisted coordinates with diagonal monodromy 
X = coordinates with twisted boundary conditions 

Fig. |3J Coordinates and orbifold coordinates 

where x, X and x were studied in Subsecs. 4.1 and 4.2. As above, the Einstein coordi- 
nates X with twisted boundary conditions are locally isomorphic to the untwisted Einstein 
coordinates x l and satisfy 

xt(e + 27r) = xi(eV(^)/ (C.7a) 

x n j r Ho = x(<^:(o^V)* n(rV , xt(o = x{°) n{r) ^m{°Ur)j (c.rb) 

so that the twisted Einstein coordinates x with diagonal monodromy are obtained by the 
monodromy decomposition of X. We have encountered the coordinates X in Eq. (|4.1()jl and 
ubiquitously in Subsecs. 4.3, 4.5 and 4.7. 

For the special case of the WZW orbifolds, the preferred coordinate system of the text 

is 
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x = /3, X = b, X=b, x = j3 (C.8) 

where f3, b, b and (3 are the tangent-space coordinates in Fig. El With this identification, 
Eq. (j4.10a|) is recognized as Eq. ()C.6bj) . 

For the Einstein metrics and orbifold Einstein metrics, Eq. (14. 10b)) and Fig.^in Sub- 
sec. 4.2 give the corresponding diagram in a slightly different format, where 

Gn{r)n;n{s)v{%a) = x(^) n (r)^X(^) n (s)u^ '{°)n(r)n % V \o)n{ S y ' Gij&a&cr)) (C.9a) 

G^X^Xv)) = X a {x a )) (C.9b) 

(7 

+ 2tt)) = ufuJgiaiXrit)) . (C.9c) 

Here Q{X a ) is the Einstein metric with twisted boundary condition, whose monodromy 
decomposition in (|C.9a|) is the twisted Einstein metric G(x) with diagonal monodromy. 
Similar commuting diagrams are easily constructed for all the other Einstein tensors of this 
paper and their orbifold counterparts. This tells us for example that Eqs. (4.10c,d) can 
also be understood as the monodromy decompositions of B = B(x-^X) and 7i = H(x—>X). 



D The WZW Orbifold Matrix Adjoint Operation 

We consider here the action of complex conjugation and matrix adjoint in the tangent-space 
formulation of WZW orbifolds. 

For the untwisted representation matrices T and the untwisted tangent-space coordi- 
nates P, we have 

Tl = p a b T b , P a * = (3 b P r (D.la) 

p*p = i, w{KY P w\K) = P (D.ib) 

where dagger is matrix adjoint, star is complex conjugation and p is the complex conjuga- 
tion matrix of Refs. fOlE]- It follows from (|D.1J) that the untwisted group elements are 
unitary as expected 

g(T,0 = e^ T «, gHT,0 = e-^=g-\T,0 (D.2) 
and that the linkage relation ()4.28cj) is preserved under the matrix adjoint operation. 
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Then using Eqs. (12. 5 j) . ()C.5a|) we find as we move toward the orbifold that 

%,(r)ij,(T, a ) f =1Z n ^)^ n( -^ u (<j )T n ^ u (T, a ) = TZn^fT v (o~ )T-n(r)v(T, a ) (D.3a) 
b" (r ^(0* =b n{s) " \On n{s )u n{r)tl ((?Y = b' n{r)u {On^ n{r)u n{r ^(a)* (D.3b) 
pn(r)^y =$< s > {i)K n{s)y n ^ {a)* = /T^> '(Ott-n(r)„ n(r) * ''(a)* (D.3c) 

^ W / (S) ^(a) =X« (r) / xH£)„ ^ (ff)n(r)/ V^W^ 

=5n(r)+n(s),0modp(<7)'^)i(r) tl _n( '* ) ' I/ (ff), 1Z(cr)*lZ(a) = 1 (D.3d) 

where 6"^^ are the tangent-space eigencoordinates and /3 n ( r ^ are the twisted tangent-space 
coordinates with diagonal monodromy. Here Eq. (|D.3aj) defines the orbifold matrix adjoint 
operation on the twisted representation matrices, where 7£(<7) in (|D.3dj) is the orbifold 
conjugation matrix of Ref. jSj. The orbifold conjugation matrix is dual to the conjugation 
matrix p, and also controls the orbifold adjoint operation j3J of the twisted current 
modes. Unitarity of the eigengroup elements and the group orbifold elements 

S(T, e, a) = j^W^T,*) _^ g t (T? ^ a) = g -i( Tj £ a) (D . 4a) 

g(T, C, a) = ^'(O^PVO — > ^ (T) £ a) = g- i (T) e> ff) (D. 4b ) 

then follows from (jD.3|) . or directly from ()4.33a|) and local isomorphisms. 



E Orbifolds on Abelian g 

Ref. ^2] solved the general twisted vertex operator equations t lT] in an abelian limit of 
the WZW orbifolds to obtain the twisted vertex operators, correlators and group orbifold 
elements of a large class of orbifolds on abelian g 

^Cartang(g) ^ R c Aut ( Cartan g ^ Cartan g C g (E.l) 
H 

whose representation theory is provided by the ambient algebra g. Here, we use this 
development to discuss two simple examples of abelian inversion orbifolds, both of which 
are associated to the same Z 2 outer-automorphic inversion 

j&ty = -j&t) (e.2) 

of a single u(l) current J. Each of these examples has a single twisted sector o = 1, and 
although the twisted sectors differ in their representation theory, they share the same half- 
integral moded scalar field which appeared the first example [10] of a twisted sector of an 
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orbifold. After this (essentially tangent-space) discussion we will also consider the Einstein 
geometry of the general orbifold on g = u(l) n . 

As the first example, consider the inversion orbifold 

^Cartan gu(2)(^2) ^Cartan g(H) , . 

Z 2 H 1 ' ' 

which was constructed in Ref. ^2] by embedding J — > J 3 as a component of the ambient 
su(2). At the classical level, the representation theory of the orbifold is provided by the 
choice of the classical group elements g(T), and we have in this case 



g(T 3 (j),t,t) = e^^W x(t,t)' = -x(t,t) (E.4) 

where T 3 (j) is the third component of the spin j representation of the ambient su(2). The 
corresponding group orbifold elements in the single twisted sector of this orbifold are ^2] 



g(T(j),t,t) = e"lWV), T (j) = -T 2 (j), x{£ + 2tt, t) = -x(t, t) (E.5) 
and it is easy to see from the abelian limit of Eq. (j2.25b|) 

e x {T{j)) = -ig-\T(j))d £ g(T(j)) = tfT{j) (E.6) 

that ei 1 and hence the twisted Einstein metric Gn of this orbifold are constant. 

At the operator level, the twisted affine primary fields (twisted vertex operators) and 
correlators in the twisted sector of this orbifold are given in Ref. ^2] 

g(T(j), z, z) = : etfHMjry) , M (E.7a) 

0\z, z) = \Y^ ^r(^ R ^ m + i)^ (m+|) -JM + ^K (m+|) ) (E.7b) 

m£Z 2 

[Ji(m + i), Ji(n + \)\ = [J?{m + §), jf(n + |)] = fc(m + |)<Wn+i,o (E.7c) 

7^) = T^)(; p ) = -2? ) (j p ) (E.7e) 



(g(T^\z 1 ,z 1 )...g(T^\z N ,z N )) a =(^ ]J 

\ P / P<K 



where T!f\j p ) is the second component of the spin j = j p representation acting in the pth 
subspace. The group orbifold elements (jE.5|) are the classical (high-level) limit of these 
twisted vertex operators. 
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As the second example we consider another realization of the inversion (|E.2|) . which 
leads to the standard inversion orbifold on compact x. In this case the classical group 
elements are 

6 ' e -inx{t,t) J =e mx ^' t)T3 , neZ, x{£,tY = -*(Z,t) (E.8) 

where Tj, i = 1,2,3 are the Pauli matrices. Then we may use the results above for 
^Cartan su(2)(^2)/^2 to read off the corresponding group orbifold elements g n from the map 

T 3 (j) — ► nr 3 , T(j) — ► -nr 2 (E.9a) 

^g n (^t)=e- i£mnT \ x^ + 2n,t) = -x&t) (E.9b) 

and again we find that Eq. ()E.6|) gives constant ei 1 and hence a constant twisted Einstein 
metric Gn. 

We may also use the map (jE.9a|) and k — 1 to read off the operator results on the sphere 
for this case 

g n (z, z) = \z\~ n2 : e -^(*»^ : M (E.lOa) 
0\z, z) = J2 — ~ — r (Ji( m + h)z~ {m ^ ] ~ Ji{m + I)^-( m +D) (E.lOb) 

[Ji(m + ^)J 1 ( n + I)] = [J*(m + |), Jf (n + ±)] = (m + §)<Wfi,o (E.lOc) 



I 2rt K n p r 2 r 2 P 



(^ m («i,«i)...^(«jv,^)) ff = Hkpl III Am r= \ (E.lOd) 

V p / p <k V z p + v z * 

from the relations in Eq. (|E.7|i . 

More generally (see e.g. Ref. the group orbifold elements of any abelian orbifold 

on g = u(l) n will have the form 

g(T, £, t, a) = e i& ° (r)tl & t ^(r)4 T >°) ] x^(C + 2tt, t) = ££ (r)M (£, t)e 2 "^ (E.lla) 
[T nir)fl (T,a),T n(s> (T,a)} = 0, a = 0, . . . , N c - 1 (E.llb) 

where the 'momenta' T satisfy an abelian orbifold Lie algebra for each sector a as shown 
in (jE.llb|) . (The monodromies of the twisted Einstein coordinates x a of sector o follow as 
usual from the solution of the appropriate if -eigenvalue problem in the untwisted theory). 
Then Eqs. (jE.ll|) and (j2.25b|) tell us that the twisted vielbein of sector a is always trivial 

e n(r) ,(T, x(0) = % {r> (T, a), e(x a , a) n{r) ^ s > = 8 n{r) < s > (E.12) 
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for orbifolds on abelian g. Moreover, it follows from the definition ()2.62a|) that the twisted 
Einstein metrics of each sector of all these abelian orbifolds 

G n ( r )n;n(s)v(Xa, = Qn{r)fi;n{s)v{^ ) , ^n(r-) At G ? n ( s )„ ; „( t ) ( 5 (x) = (E.13) 

are constant because G,{o~) is the twisted tangent-space metric. The diagonal monodromy 
(J2.63)) of the twisted Einstein metric 

_ 27r .n(r)-n(£) A 

G n ( r )^n(s)u(x(^ + 2n)) = e ^ G n ( f ) wn ( s ) 1/ (f(^)) = Gn^^nts)^^)) (E.14) 

reduces to trivial monodromy in all these cases because of the selection rule ()2.9a|) for 
G»{o~). Orbifolds on abelian g are not a good laboratory for the study of non-trivial twisted 
Einstein metrics. 

For the orbifolds on abelian g, the natural twisted torsion of sector a, H(x a ) = J r (o~) = 
0, also follows from Eq. ()2.31|) . but this can be modified by including other background 
B, B fields. 
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